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Abstract. We study four problems: maintaining an exact or p-approximate global
min-cut, and an exact or p-approximate s-t cut, in dynamic graphs under the vertex-
arrival model. We investigate the trade-off between the stability of a solution—the
minimum number of vertexr flips required to transform an induced bipartition into an-
other when a new vertex arrives—and its quality. Trivially, in a graph with n vertices
any cut can be maintained with n/2 vertex flips upon a vertex arrival. For all our
problems, we obtain that this trivial stability bound is tight up to constant factors,
even for a clairvoyant algorithm—one that knows the entire vertex-arrival sequence in
advance. When p is large enough, we show that there are simple and stable algorithms
for maintaining a p-approximate cut in both general and planar graphs. In view of
the negative results, we also investigate the quality-stability trade-off in the amortized
sense. For maintaining global and s-t minimum cuts, we show that the trivial O(n)
amortized stability bound is also tight up to constant factors. However, for maintaining
a p-approximate cut, we show a lower bound of Q(p%) average vertex flips, and give a

nlogn
plogp
ing a p-approximate s-t cut in the clairvoyant setting, we establish a tight bound of

(clairvoyant) algorithm with amortized stability O ( ) Moreover, for maintain-

logn :
(C] (logp) average vertex flips.

1 Introduction

Given an undirected graph G = (V, E), a cut (5, 5) is a partition of V into two non-empty sets S
and S. An s-t cut is a cut where s € S and ¢ € S (or vice versa), with s and ¢ being two specified
vertices in G. The size or value of a cut, denoted by w(S,S), is the number of edges between S
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and S. A minimum s-t cut (s-t min-cut) is an s-t cut with the smallest size. A global minimum
cut, or simply minimum cut (min-cut), is the smallest s-t cut over all possible choices of s and .

We refer to the problems of finding a global min-cut and an s-t min-cut as MINIMUM CUT and
MiINIMUM s-t CUT, respectively. Both are classical combinatorial optimization problems with a
wide range of practical and theoretical applications [1]. Let A(G) and A\(G, s, t) denote the values of
a minimum cut and a minimum s-¢ cut in G, respectively. For a parameter p > 1, a p-approximate
cut (resp. p-approzimate s-t cut) (X, X) is a cut (resp. s-t cut) with value at most pA(G) (resp.
pA(G, s,1)); that is, w(X, X) < pA(G) (resp. w(X,X) < pA(G,s,t)). Throughout the paper,
unless otherwise specified, the terms minimum cut and approximate cut refer to both global and
s-t cuts.

We study four problems: maintaining an exact or approximate global min-cut, and an exact or
approximate s-t cut, in the vertez-arrival model. In this model, the graph G changes over time as
new vertices are added. Starting with an empty graph Gy, new vertices arrive one at a time, each
accompanied by all their incident edges to previously arrived vertices. This process generates a
sequence of graph instances (G, G1, ..., Gy), where n is the number of vertices in the final graph
G,,. Each arrival corresponds to a timestep, with G; denoting the state of the graph after the ith
vertex and its edges have been added. We further assume that there is a timestep ¢* after which
each graph in the sequence is connected. For global min-cuts i* = 2, and for s-t min-cuts i* is the
length of a shortest s-t path in G,,.

Traditionally, maintaining near-optimal solutions is the main objective in a dynamic setting.
In practice, however, it may also be costly to implement the necessary changes to go from a valid
solution at time 7 to a valid solution at time i + 1. As a result, we are also interested in the
stability of the maintained solutions or how different consecutive solutions are from each other.
Following the framework by De Berg et al. [5], we say that a dynamic algorithm is a 7y-stable p-
approzimation algorithm if, upon each vertex arrival, at most v changes are required to transform
the currently maintained solution into a solution in the augmented graph, and each solution is a
p-approximation.

To define the difference between consecutive cuts in dynamic graphs, we use the notion of vertex
flips. Let (X, X) be a cut in a graph G, a vertez flip is the operation of a vertex v switching sides
from X to X (or vice versa). Consider two consecutive graphs G; = (V, E) and G;;1 = (VU{v}, E'),
and let S; = (X, X) and S; 11 = (YU{v},Y\{v}) be cuts in G; and G 1, respectively. We say that
the difference between S; and S;;1 is the minimum number of vertex flips required to transform
one cut into the other, and denote it by D(S;, S;+1) = min(§(S;, Si+1), |V| — 6(Ss, Si+1)), where
5(S;,Si+1) = | X UY|— | X NY]| is the cardinality of the symmetric difference X AY. Equivalently,
we may write D(S;, Si4+1) = min(|XAY],|XAY]). Note that this implies that D(S;, S;1q1) < £.
We remark that the newly arrived vertex v has no contribution to the calculation.

Related Work. In general, the challenge to maintain a (high-quality) solution to a dynamic
problem while aiming to minimize changes to the solution, is known as optimization with bounded
recourse. Here, the phrase “recourse” refers to the changes one is allowed to make to a solution.
For various problems, results are known; we mention Gupta et al. [10] and Bernstein et al. [2] for
work on maintaining matchings and flows, Imase and Waxman [14], Megow et al. [15] and Gu et
al. [9] for work on maintaining (Steiner) trees and Hamiltonian cycles, and Feldkord et al. [6] and
Han and Makino [11] for work on bin packing and knapsack. In many cases, the computational
time spent in an iteration (the update time) is a relevant aspect of these works; in particular,
for the min-cut problem results along these lines can be found in [7, 8, 13, 16, 17]. There is also
work that focuses on the “difference” between two consecutive solutions, while not taking explicitly
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Table 1: Combined summary of results on 7-stability for MiNiMUM CUT and MINIMUM s-t CUT.

computational time into account; we mention Wasim and King [18] for work on MaXx-CuUT, and De
Berg et al. [4] for work on independent and dominating set. We follow this latter line of work, i.e.,
given the definition of difference between two min-cuts as formulated above, we establish trade-offs
between the stability of a solution and its quality.

Our results. We study stable approximation algorithms for MiNIMUM CUT and MINIMUM s-t
CuT in the vertex-arrival model. More precisely, we obtain lower and upper bounds on the stability
of dynamic min-cuts and s-t min-cuts on general graphs as well as planar graphs. The results are
summarized in Table 1.

For general graphs, we show that maintaining a minimum cut may require up to % vertex
flips per iteration, while maintaining a minimum s-¢ cut may require up to "T_g vertex flips per
iteration. These bounds are tight up to constant factors, as any transition between two cuts can
be achieved with at most "?’1 vertex flips. The results hold for both the oblivious setting—where
the algorithm only knows the previously arrived elements of the vertex-arrival sequence—and the
clairvoyant setting—where the algorithm has access to the entire sequence of vertex arrivals in
advance. Similar results apply to the special case of planar graphs. In contrast, the problems
become trivial in trees (where starting from a tree consisting of a single edge, we can always keep

the partition of the vertex set induced by that edge as the cut) and in complete graphs (where
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we can always keep the same vertex as one of the parts of the cut). For general graphs in the
amortized case, we show that in order to maintain a global minimum cut or minimum s-t cut,
O(n) vertex flips are needed.

We now turn to maintaining p-approximate cuts. For general graphs, we show that similar to
the exact case, maintaining a p-approximate cut may need ”7_2 vertex flips at some iteration, but
only when p < "T_Q — 2. In contrast, when p > ”T_l, we show that two vertex flips per iteration
suffices to maintain a p-approximate cut. Both results are tight up to constant terms. Similar
results apply for planar graphs when p < 5 and p > 5, respectively. Finally, for general graphs in
the amortized case, we show that to maintain a p-approximate cut at least Q(n/p?) vertex flips
are needed. We accompany this result by giving a clairvoyant algorithm with amortized stability
9] (nlog n) )

plogp

For the stability of maintaining p-approximate s-t cuts, we show that the trivial upper bound
of ”T_l vertex flips is tight up to constant factors. However, for clairvoyant algorithms, we obtain
different lower bounds depending on the quality parameter p. Specifically, when p = o(y/n), the
lower bound is 52, while for p = Q(,/n), we establish a slightly weaker lower bound of “32. For
planar graphs, we derive a similar lower bound as in the case p = o(y/n). Note that for oblivious

n—2

algorithms the lower bound is 3= in all cases. Finally, for general graphs in the amortized case,

we establish a tight bound of © (log") on the stability of maintaining a p-approximate s-t cut.

log p
Note that this holds only for a clairvoyant algorithm.

Roadmap. Like Table 1, the presentation of the results is split into two parts. First, in Section
2, we present the results about maintaining global and s-t minimum cuts. Then, in Section 3,
we discuss the results on maintaining p-approximate cuts and s-t cuts. We conclude with some
general remarks in Section 4.

2 Maintaining Global and s-t Min-Cuts
2.1 Global Minimum Cuts

We start with the oblivious setting, in which an algorithm has no knowledge of the input sequence,
other than the previously arrived vertices. We use deg(v) to denote the degree of a vertex v.

Theorem 1. There is no exact y-stable algorithm for MINIMUM CUT in general graphs of size
n>9 fory < L%J

Proof: For every n > 9, we present a sequence of graph instances (Gi,...,G,) (see Figure 1)

for which any exact algorithm requires at least L"T_lj vertex flips to maintain a minimum cut.

Let G,,_1 be the graph consisting of two cliques A and B, where [A| = [251] and |B| = |251],
connected to each other by means of two edges (a1, b1) and (ag,bs) for arbitrary a;,as € A and
b1,bo € B. The graph G, has one more vertex u, which is connected by a single edge to an
arbitrary vertex in clique A.
Note that for n—1 > 8 the cliques A and B have at least four vertices, and so the only minimum
cut for G,,_1 is (A, B) which has value 2. When the vertex u arrives, ({u}, AU B) is the unique
o

minimum cut. Hence, any algorithm maintaining a minimum cut must move all LTlJ vertices of

B into the part of the cut containing A. a

At first glance, it might appear that an algorithm that can react to an incoming update only
with past information is too restrictive when trying to obtain a good quality-stability trade-off.
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Figure 1: Graph G, for the proof of the lower bound in Theorem 1. Cliques A and B (gray) are
connected by means of two edges between arbitrary vertices. Vertex u (black) is connected to an
arbitrary vertex in clique A. After its arrival, any algorithm must perform 251 vertex flips to

2
maintain a minimum cut.

However, even in a setting where the algorithm has access to the entire vertex-arrival sequence in
advance—what we call, the clairvoyant setting—Theorem 1 still holds. Simply observe that, in
the proof of Theorem 1, the algorithm must find solutions S,,_1 = (4, B) and S, = ({u}, AU B)
at timesteps n — 1 and n respectively since these are the only available min-cuts in G,,_1 and G,
respectively.

Corollary 1. There is no clairvoyant exact ~y-stable algorithm for MINIMUM CUT in general
graphs of sizen > 9 for v < L%J

In search of better quality-stability trade-offs, we turn our attention to planar graphs. But like
the general case, we obtain that Q(n) vertex flips may be needed. This is tight with respect to the
trivial upper bound of "7_1 vertex flips.

Corollary 2. There is no exact y-stable algorithm for MiINIMUM CUT in planar graphs for v <
L%J , even in the clairvoyant setting.

Proof: Similar to the proof of Theorem 1, but replacing the cliques A and B by two planar graphs

of connectivity at least 3 (e.g., each a maximal planar graph on ”T_l vertices). a

2.2 Minimum s-t Cuts

Next, we consider the problem of maintaining a minimum s-t cut. Unlike global cuts, s-t cuts
specifically require that two designated vertices, s and ¢, reside on opposite sides of the bipartition.
This distinction provides additional structure to the problem. For example, an s-t cut (X, X) with
|X| = 1 means that X = {s} or X = {t}. Consequently, the counterexample used in Theorem 1
does not directly apply to minimum s-t cuts. However, despite the added structure, we show that
stability in the exact case remains challenging, as (n) vertex flips may still be required.

Theorem 2. There is no exact y-stable algorithm for MINIMUM s-t CUT in general graphs of size
n>"7 fory < L”?*BJ

Proof: For every n > 7, we present a sequence of instances (Gy,...,G,) for which any exact
stable algorithm requires at least | %52 | vertex flips to maintain a minimum s-¢ cut. The graph
G, features the two designated vertices s and ¢, connected by a single edge, along with two cliques
A and B of roughly equal size, with |A| > [252| and |B| > |2;2|. Vertex s is connected to one
arbitrary vertex in A, while ¢ is connected to two arbitrary vertices in B. Additionally, the graph
includes a vertex u that is connected with two arbitrary vertices in A and to every vertex in B.

See Figure 2 for an illustration.
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Figure 2: Graph G,, for the proof of the lower bound in Theorem 2.

Consider the vertex arrival sequence where s and ¢ are revealed first, followed by the vertices in
AU B, and finally vertex u. We now argue that, after the final vertex u is revealed, any algorithm
maintaining a minimum s-t cut must perform L”;g’J vertex flips. To see this, first observe that, in
Gy —1, the unique minimum s-t cut is X = ({s} U A, {t} U B), with a value of 1. However, when
vertex u is added, the maintained cut X is no longer optimal, as its value increases to at least 3
(depending on which side of the bipartition w is placed). At this point, there is a unique s-t cut of
minimum value 2; namely, Y = ({s}, AU B U {u,t}). To transition to the new optimal cut Y at

timestep n, the algorithm must then perform L”;Q’J vertex flips, since D(X,Y) = |A|. a

Similarly to global minimum cuts, the stability of maintaining a minimum s-t cut is equally
challenging in planar graphs. The following is an immediate corollary of Theorem 2 when replacing
A and B with two maximal planar graphs.

Corollary 3. There is no exact vy-stable algorithm for MINIMUM s-t CUT in planar graphs for
v < L%_?’J , even in the clairvoyant setting.

2.3 Amortized Analysis
2.3.1 Global Minimum Cuts

We saw in Theorem 1 that there are vertex arrival sequences where at least one iteration requires
”T’l vertex flips to maintain an exact min-cut. It is natural to ask whether this behavior is only
limited to a handful of iterations. If true, we could design an algorithm that, on average, requires
only a few vertex flips per iteration. However, as the following shows, the average, or amortized
stability—denoted by ¥—of maintaining an exact min-cut is not much better than the worst case:

there exists a sequence of vertex arrivals such that each arrival induces Q(n) many vertex flips.

Theorem 3. There is no exact algorithm for MINIMUM CUT in general graphs with amortized
stability ¥ < 15 — 2.

Proof: For every n > 32, we present a sequence of graph instances (Gy,...,G,) for which any
exact stable algorithm requires at least g — 2 vertex flips on average (hence Q(n?) flips in total)
to maintain a minimum cut. The graph G,, consists of three cliques A, B, and C of equal size
"T"‘E’, connected to each other by the edges (aj,b1), (ag,c1), and (by, co), for arbitrary aj,as € A,
b1,b2 € B, and ¢1,co € C. Additionally, there is one more edge (a3, c3) for arbitrary as € A and

cs € C, and two more edges (bs,cq), (bs,cs) for arbitrary bz, by € B and c¢4,¢5 € C. Graph G,
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Figure 3: Graph G,, for the proof of the lower bound in Theorem 3. Cliques A, B, and C are
highlighted in gray. The vertices in set D are highlighted in black. Of these vertices, those to the
left (resp. right) of clique C belong to the set D; (resp. D3). The alternated arrival of vertices
from D; and D5 induce Q(n) vertex flips per iteration.

has ";15 additional vertices, denoted by set D, each of which shares an edge with every vertex in

clique C. Moreover, D is partitioned into two disjoint sets Dy and Dj of equal size |D|/2, where
each vertex in Dy (resp. Ds) is connected to exactly two arbitrary vertices in clique A (resp. B).
There are no more edges in G,,. See Figure 3 for an illustration.

Consider the vertex arrival sequence o = (vy,vs,...,v,) where the vertices in AU B U C all
arrive in the prefix subsequence o1 = (v1,v2,...,vy), with £ = W, and vertices in D arrive
according to subsequence os = (vgt1,-..,v,). Let oo be a permutation of vertices in D such that

ve4i € Dy if 7 is odd, and vpy; € Dy if i is even. We prove the main claim by showing that
each vertex arrival in o9 induces ”T% vertex flips. The idea is to have the minimum cut oscillate
between cuts (A, A) and (B, B) as vertices in D; and Dy arrive alternately.

First, we notice that after the -th vertex has arrived, cuts (4, A), (B, B) and (C,C) have
values 3, 4 and 5, respectively. Any other cut in the subgraph G[AU BUC] must cross a clique and
thus have value at least ”T'H. Thus, the min-cut at timestep £ is S; = (A, A). Next, after vertex
ve1 € Dy arrives, the value of cuts (A, 4) and (C, C) increase by 2 and 22 units, respectively;
while the value of cut (B, B) remains unchanged. Therefore, the min-cut at timestep ¢+ 1 becomes
Sey1 = (B, B). Similarly, after vertex vy o € Do arrives, the value of cut (B, B) increases by 2
units while cut (A, A) remains unchanged, thus making Sy, 2 = (4, A) the min-cut again; and
so on for the remaining vertex arrivals in o9. The key observations are (i) that the min-cut at
every timestep ¢ is unique and has value less than 32 — 1, and (ii) |w(4, A) — w(B,B)| = 1 is an
invariant throughout the arrival sequence oy. From observation (ii), it follows that every vertex
arrival in o9 increases the connectivity of the graph in a single unit. Now, by definition of G,
we know that 64,5 = D((4, A), (B, B)) = 2. So, the total number of vertex flips performed for

sequence g is |o3] - da.p = ”_415 : ”T'%. And averaged over the entire sequence o, we obtain an
amortized stability of at least' 16 — 2; which proves the theorem. a

Like Theorem 1, the lower bound of Theorem 3 is tight up to constant factors. To see this,

simply consider a vertex arrival sequence where each update induces the maximum number of

vertex flips at each iteration. Clearly, the amortized stability in this case is "T_l.

1 n _ n—15 n+5 1 _ n—10 _ _75
Because {g —2 < *5 T n =16 6., for any n > 5.
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2.3.2 Minimum s-t Cuts

We conclude this section by noting that the construction used in the proof of Theorem 3 is also
applicable to MINIMUM s-t CUT. Simply, let s be a vertex of clique A and ¢ a vertex of clique B,
with the single edge (s,t) connecting cliques A and B.

Corollary 4. There is no exact algorithm for MINIMUM s-t CUT in general graphs with amortized
stability ¥ < {5 — 2.

3 Maintaining Approximate Global and s-t Cuts

3.1 Approximate Global Cuts

We now consider the stability of maintaining approximate cuts. Theorem 1 shows that maintaining
an exact solution is very expensive in terms of stability. Perhaps surprisingly, the following result
shows that no better trade-off can be achieved for approximate solutions.

Theorem 4. There is no y-stable p-approximation algorithm for MINIMUM CUT in general graphs
of size n > 10 for p < [%52] —2 and v < | “52].

Proof: For every n > 10, we present a sequence of graph instances (G1,...,Gy,) for which any
approximation algorithm requires at least [%’QJ vertex flips to obtain an approximation ratio less
than ¢ where 1 < £ < |252] — 2 (when ¢ = | %52 | — 2 the theorem follows)?. The graph G, has
two cliques A and B of roughly equal size such that |A| > |252| and |B| > |252], connected
to each other by means of a single edge (a,b), for arbitrary a € A and b € B. In addition, G,
has two more vertices u and w. Vertex w has deg(w) = 2(¢ — 1) and shares half of its edges with
arbitrary vertices from clique A and the other half with arbitrary vertices from clique B. Vertex u
has deg(u) = 1 and is connected to an arbitrary vertex in clique A. See Figure 4 for an illustration
of graph G,,.

Consider any dynamic algorithm for maintaining a p-approximate cut and let S; denote the
cut maintained by the algorithm after the first ¢ vertices have arrived. Consider the graph defined
above, where the vertices in A U B arrive in the first n — 2 timesteps, followed by vertex u at
timestep n — 1 and w at timestep n. First, we show that at timestep n — 2—that is, right after
the vertices in A U B have arrived—the algorithm must maintain the cut (A, B) as the solution;
i.e., Sp—o = (A, B). This follows from the fact that the graph G,,_s has a single min-cut of value
1—mamely, the cut (A, B)—and any other cut in G,,_o has value at least V’T_ﬂ — 1 > {. Hence,
only the cut (A4, B) has approximation ratio less than /.

We now show that at timestep n—after vertices u and w arrive—our algorithm will have
performed L";QJ—many vertex flips. First, we observe that at timestep n — 1 (after vertex u
arrives) the graph G,,_; presents only three ¢-approximate cuts: the two min-cuts (A U {u}, B)
and ({u}, AU B), and the 2-approximate cut (A, B U {u}). These are the only ¢-approximate
cuts because any other cut partitions clique A and/or clique B into two non-empty sets, thus
cutting at least L"T_QJ — 1 edges. Thus, at timestep n — 1, our algorithm must pick one of these
cuts as S,_1. Next, after the final vertex w arrives at timestep n, only the (unique) min-cut

({u}, AU B U {w}) is a valid p-approximate cut®. Therefore, at timestep n, our algorithm must

2Solving 1 < L”T_Qj — 2 for integer n results in our stated bound of n > 10.
3Because any clique-crossing cut has value at least L”T_QJ — 1 > £ since deg(v) > L”T_QJ —1Vv e AUB. And
any non-clique-crossing cut (except the min-cut) must cut at least £ edges: one edge shared by cliques and £ — 1

edges shared by w with one of the cliques.
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Figure 4: Graph G, for the proof of the lower bound in Theorem 4. Cliques A and B (gray) are
connected by a single edge between arbitrary vertices. Vertex u (black) is connected to an arbitrary
vertex in clique A, and vertex w (black) to £ — 1 arbitrary vertices in A and B, respectively. After
the arrival of both u and w, any dynamic algorithm must perform "T_Q vertex flips to maintain a
p-approximate cut.

find S,, = ({u}, AUBU{w}). Now we show that no matter the choice for S,_1, there is a timestep

where the difference between two consecutive solutions is V’T_zj

Case 1. Let S,,-1 = (AU {u},B). (The case for S,—1 = (A, B U {u}) is similar and is thus
omitted.) As mentioned above, the only valid solution at timestep n is S, = ({u}, AU B U {w}),
but D(S,—1,Sn) > L”T_QJ, that is, cut S, is at least L"T_QJ vertex flips away from S,, 1. Therefore,

at least L"T_QJ vertex flips are needed at timestep n.

Case 2. Let S,_1 = ({u},AU B). In contrast to the previous case, the difference between
consecutive solutions S,_; and Sy, here is D(S,,—1,S,) = 0. However, the difference between S,,_o
and S,_1 is D(Sp—2,9n-1) > |%52], because S,_2 = (A, B). Therefore, at least |“52] vertex
flips are performed at timestep n — 1.

This proves that any algorithm on (G, ...,G,) requires at least L%J vertex flips to find an
n—2

p-approximate cut such that p < £. Since ¢ = L?J — 2 in the worst case, the claim follows. O

Similar to the case of maintaining a minimum cut, a clairvoyant algorithm fares no better than
an oblivious one.

Corollary 5. There is no clairvoyant y-stable p-approzimation algorithm for MINIMUM CUT in
general graphs of size n > 10 for p < L”T_QJ —2and v < L%‘QJ

Proof: This follows directly from the proof of Theorem 4. Observe that at timesteps n — 2 and

n, respectively, the space of valid p-approximate cuts contains a single solution. Hence, even

a clairvoyant algorithm is required to find solutions S,_2 = (4,B) and S, = ({u}, AU B) at

timesteps n — 2 and n respectively. The only freedom that the algorithm can exert is at timestep

n — 1, where the space of valid p-approximate cuts contains three possible solutions. But as we
n—2

have proved, any of the three possibilities for S,,_; still lead the algorithm to make L7J vertex

flips in some timestep. a
Similarly, we have the following for planar graphs.

Corollary 6. There is no y-stable p-approximation algorithm for MINIMUM CUT in planar graphs
for p <5 and vy < ”T*Q, even in the clairvoyant setting.

Proof: For every n > 24 divisible by 12, there is a planar graph H on n vertices with edge-
connectivity five, and with at least six vertices incident to the outer face (see e.g. [12, Fig. 1]).
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Then, we can use the proof of Theorem 4 by replacing the clique clusters A and B with two copies
of H on anz vertices (assuming that ”T*Q is divisible by 12) and setting 1 < ¢ < 4. Notice that,
since the planar graph H has more than four vertices incident to the outer face, the arrived vertex
w can indeed share at most one edge with each of these vertices while the overall graph remains

planar. a

3.2 Approximate s-t Cuts

We now investigate the stability of approximating MINIMUM s-t CUT. Similar to the exact case,
we show that maintaining a p-approximate s-t cut may require 2(n) many vertex flips, even for
a clairvoyant algorithm. We first establish the lower bounds for clairvoyant algorithms, and then
derive the bound for oblivious algorithms as a corollary.

Theorem 5. There is no clairvoyant y-stable p-approximation algorithm for MINIMUM s-t CUT
in general graphs of size n > 13 for p < L%J —1landy < L%J

Proof: For every n > 13 we present a sequence of graph instances (Gy,...,G,) for which any
dynamic approximation algorithm requires at least L"*?}*EJ vertex flips to obtain an approximation
ratio p < ¢, with 2 < ¢ < [27%|. (The theorem follows when ¢ = |271].) The graph G,, consists
of the two vertices s and ¢, as well as three cliques A, B, and C, each of size at least V%THJ
Vertex s belongs to clique A and is connected to an arbitrary vertex in B, while ¢ belongs to C,
and is connected to an arbitrary vertex in B. The graph also features a vertex u that shares ¢ — 1
edges with cliques A and B, respectively, as well as a set D of £ additional vertices. Each vertex
in D is connected to ¢ vertices in B and C, respectively, with the exception of one vertex w € D,
which shares £ — 1 edges with B and C, respectively. See Figure 5 for an illustration of G,,.
Consider the vertex arrival sequence where the vertices in A U B U C are revealed during the
first k = |A| + |B| 4 |C| timesteps, followed by vertex u, then w, and finally the rest of the vertices
in D. We show that after the last vertex of D is revealed, any algorithm, even if clairvoyant, must

perform |21 | vertex flips to maintain a p-approximate s-t cut, where p < £.

First, at timestep k, there are exactly two p-approximate s-t cuts: X = (A, B U C) and
Y: = (AU B, (), both of which are minimum s-t cuts. (Note that any other s-t cut would partition
one of the three cliques, resulting in a cut size of at least L"f?}*ej — 1> p.) Hence, our algorithm
must maintain one of X or Y at timestep k.

We analyze the two cases. At timestep k + 1, when vertex u is revealed, the cut Y11 =
(AU B U{u},C) becomes the only feasible p-approximate s-t cut. This is because the alternative
cuts (AU{u}, BUC) and (A, {u} U BUC) both have sizes ¢ > p. Consequently, if the algorithm
maintained X,,_o at timestep k, it would be forced to transition to Yjy1 at timestep k + 1, already
incurring in L”’lf@ J vertex flips. On the other hand, if the algorithm maintained Y} at timestep

3
k, it could transition to Y341 without any vertex flips, as D(Yx, Yi41) = 0.

Assuming the algorithm maintained cuts Yiy1 and Yy at timesteps k + 1 and k, respectively,
we consider what happens at timesteps ¢ € [k+2,n —1]. During this interval, the minimum s-t cut
value is /£, given by the two cuts X1 = (4, 4) and X5 = (AU {u}, AU {u}). Let D; denote the set
of vertices from D revealed after timestep i. During interval [k + 2,n — 1], the s-t cuts Y; = (C, C)
and Yo = (CUD;,C U D;) are the only feasible p-approximate s-¢ cuts, both of which are L%J
vertex flips away from either X7 or Xs. Hence, either one of Y7 or Y5 must be maintained by the
algorithm during timesteps ¢ € [k 4+ 2,n — 1]. (Note that it takes 0 vertex flips to transition from
Yi+1 to either of Y7 or Y5 at timestep k + 2.)
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Figure 6: Graph G,, for the proof of the lower bound in Corollary 7.

At timestep n, when the last vertex from D is revealed, the only feasible p-approximate s-t
cuts are now X; or Xo. This is because the cost of Y (resp. Y3) is £2, while the cost of X; (resp.
X5) is £, and we wish for an approximation ratio p < £. Therefore, at timestep n, the algorithm
must transition to X7 or Xs, incurring in L"‘THJ vertex flips.

Therefore, whether the flips occur at timestep k& + 1 when w is revealed, or at timestep n when

the last vertex of set D is revealed, the algorithm must perform at least L%HJ vertex flips. O

When p = o(y/n), we can obtain a slighlty improved lower bound.

Corollary 7. There is no clairvoyant y-stable p-approzimation algorithm for MINIMUM s-t CUT
in general graphs of size n > 11 for p < 4/ L"T*QJ +1 and~vy < L"T*QJ

Proof: We follow the same construction of G, as in the proof of Theorem 5, with the difference
that the set D now consists of a single vertex w, which, instead of having degree 2(¢ — 1), shares
02 — 1 edges with cliques B and C, respectively. As a result, each of the three cliques has a size of

LnEZ

at least L"T_QJ The maximum value of ¢ is then ¢ = J + 1. See Figure 6 for an illustration

of G,,.

Similar to the original proof, we consider the vertex arrival sequence where the vertices in
AU B U C are revealed during the first n — 2 timesteps, followed by the vertices v and w at
timesteps n — 1 and n, respectively. Proceeding analogously to the remainder of the proof of

n—2

Theorem 5, it follows that after vertex w is revealed, a clairvoyant algorithm must perform LTJ

vertex flips to maintain a p-approximate s-t cut, where p < /. a

Corollary 8. There is no oblivious y-stable p-approximation algorithm for MINIMUM s-t CUT in

n—1

general graphs of size n > 10 for p < L"T_lj and y < *5=.

Proof: We follow the same construction as in the proof of Corollary 7, with the exception of the
final timestep. Specifically, we consider the vertex arrival sequence where A U B U C' are revealed
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during the first n — 1 timesteps, and u is revealed at timestep n. Since our algorithm is oblivious,
in the worst case, at timestep n — 1, the algorithm maintains the cut X,,_1 = (A, BUC). When
u is revealed, the cut Y;, = (AU B Uy, C) becomes the only feasible p-approximate s-t cut. Since
D(X,-1,Y,) > L"T_lj, the claim follows. O

For planar graphs, we get similar results for clairvoyant and oblivious algorithms.

Theorem 6. There is no clairvoyant y-stable p-approximation algorithm for MINIMUM s-t CUT
in planar graphs for p < 7”2"'2129_3 and v < L"T*QJ

Proof: We follow a similar approach to the proof of Corollary 7, with the key difference that the
sets A, B, and C are no longer cliques but star graphs. Specifically, A is a star graph with s as the
central vertex, C' is a star graph with ¢ at the center, and B is a star graph centered at a vertex v,
where v is connected by an edge to both s and ¢. As before, we consider the vertex arrival sequence
where AU B U C are revealed first, followed by vertices v and w in that order. Here, u shares £ — 1
edges with the stars A and B, respectively, while w shares £2 — 1 edges with the stars B and C,
respectively.

The rest of the proof proceeds in the same way as in Corollary 7 (and thus Theorem 5), but
the analysis of the approximation bound deserves special mention. Since the graph must remain
planar, the edges connecting w and w to vertices in star B cannot cross. Yet, if v and w shared
three or more endpoints in B, the graph would include K5 3 as a minor, violating planarity. Thus,
they can share at most two endpoints in B. In the worst case, every vertex of B is connected to at
least one of u or w, which implies "T*Q = (?> + ¢ — 4. Solving for ¢, we find ¢ = 7”2"'2129_3. Since
we are interested in an approximation ratio p < ¢, the theorem follows. |

Similar to Corollary 8, the following is an immediate corollary of Theorem 6.

Corollary 9. There is no oblivious y-stable p-approximation algorithm for MINIMUM s-t CUT in
planar graphs for p < VLT_IJ and vy < L"T_lj

3.3 Amortized Analysis
3.3.1 Approximate Global Cuts

Using a similar construction as in the proof of Theorem 3 it is not hard to obtain an Q(logn/log p)
lower bound on the amortized stability of maintaining a p-approximate cut in a graph. In the
following, however, we derive an even better bound.

Theorem 7. Any dynamic p-approximation algorithm for MINIMUM CUT in general graphs has
average stability Q(n/p?), even in the clairvoyant setting.

Proof: We present a sequence of graph instances (G, . .., Gy,) for which maintaining a p-approximate
cut requires 2(n/p?) vertex flips on average. We assume that p = o(y/n) since, otherwise, the the-
orem is trivial. In the following, we use V (¢) to denote the vertex set of graph instance Gi.

Consider the vertex arrival sequence o = (v1,...,v,) where, at time ¢ = 2n/3, the graph G
consists of two cliques A and B of equal size n/3, with p + 1 edges between them. Notice that
at this time, the cut X (¢) = (4, B) is a minimum cut, and is in fact the only p-approximate cut
available. We partition the rest of the sequence (vit1,...,v,) into m batches b; of size
=1+ (p+1)% We will argue that for each batch, there is a sequence of vertex arrivals such that
any algorithm must perform Q(n) vertex flips.
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Figure 7: Graph G for the proof of the lower bound in Theorem 7 at time ¢ = 2n/3 + £ + 1; that
is, after the arrival of the vertices in the first batch by = (vp1),...,v4(1)). Cliques A and B are
highlighted in gray, while vertices in b; are highlighted in black.

Let b; = (Up(i); - - -, Vq(;)) denote the vertex arrival sequence of the i-th batch, with p(i) =
(t+1)+£-(i—1) and q(i) = p(i) + £. The vertices arrive as follows. First, vertex v, arrives
with an edge to an arbitrary vertex in V(p(i) —1) \ A and no other incident vertices. At this
point in time, the cut X(p(i)) = ({vp@)}, V(p(i) — 1)) is a minimum cut, and the only available
p-approximate cut. Now, each new vertex arriving at time j € [p(¢) + 1,¢(¢)] has edges to all
other vertices in V(j — 1) \ A. Notice that at the end of the batch—that is, at time g(i)—the cut
X(q(7)) = (A, V(q(z)) \ A) will be the only available p-approximate cut since any other cut must
partition either the set V(g(i)) \ 4, the set A, or both and thus has value at least (p + 1)?. See
Figure 7 for an illustration of the graph after the arrival of vertex vy(y).

The claim that (n)-many vertex flips are required in a batch b; follows from the fact that any al-
gorithm must maintain cuts X (p(z)) and X (¢(7)) at times p(¢) and ¢(7), respectively. Then, by defi-
nition of difference between two cuts, we have that: (i) for any batch b; we have D(X (p(i)), X (¢(2))) =
|A], and (ii) for any two consecutive batches b; and b;11 we have D(X (q(7)), X (p(i + 1))) = |A|.
(Notice that, at the start of the first batch by, we also have D(X (t), X (p(1))) = | A|, with t = 2n/3).
In other words, in every batch, all the vertices in the set A must be flipped twice.

Now, since there are m batches and each one performs (n)-many vertex flips, the
theorem follows. O

3.3.2 Approximate s-t Cuts

A similar construction to that in the proofs of Theorem 3 and Theorem 7 can be used to establish
an Q(logn/log p) lower bound on the average number of vertex flips required to maintain a p-
approximate s-t cut. Unlike the case for MiINIMUM CuT, we show later in Section 3.4 that this
bound is tight for MINIMUM s-¢ CUT.

Theorem 8. Any dynamic p-approximation algorithm for MINIMUM s-t CUT in general graphs
has average stability Q(logn/logp), even in the clairvoyant setting.

Proof: The proof follows a structure similar to that of Theorem 3. First, construct a graph G,
consisting of vertices s and ¢, along with three cliques A, B, and C of equal size ©(n) connected as
described in the proof of Theorem 7. Additionally, include a set D of ©(n) vertices, each connected
to every vertex in clique B, similar to Figure 3 (with B and C interchanged). At this point, we
have not yet defined the edges between the vertices in D and those in the cliques A and C. These
are specified next.
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Consider the vertex arrival sequence o = (v, va, . .., v, ) where the vertices in AUBUC all arrive
in the prefix subsequence o1 = (v1,va,...,v;), and vertices in D arrive according to subsequence
o2 = (Vgg1,---,0,). The edges between the vertices in D and cliques A and C are now defined

as follows: for each vertex vpy; € D, connect vpy; to O(pi) arbitrary vertices in A if 4 is odd and
to O(p?) arbitrary vertices in C if i is even. (These connections replace the setup in Theorem 3,
where vertices in D connected to a fixed number of vertices in A or C.) This construction ensures
that the minimum s-t cut value grows geometrically with i.

As in Theorem 3, each vertex arrival in o9 induces Q(n) vertex flips as the unique p-approximate
s-t cut oscillates between (A4, A) and (C,C) until one of these cuts reaches a size of order O(n).
The number of iterations exhibiting this oscillating behavior (the size of o) is O(logn/log p).
Thus, asymptotically, this provides a lower bound on the amortized stability of maintaining a
p-approximate cut in a graph. a

3.4 Algorithms with Low Stability
3.4.1 Approximate Global Cuts

Theorem 4 is tight with respect to the trivial upper bound of ”T’l vertex flips. However, as
Theorem 9 below shows, when the approximation factor of the maintained cut is large, very simple
and stable algorithms exist. First, we prove the following lemma. We say that a cut (X, X) is a

singleton cut if one of X or X consists of a single vertex.
Lemma 1. Any graph G = (V, E) has an %—approm'mate cut that is a singleton.

Proof: Consider the singleton cut induced by the vertex of minimum degree, and let dp;, be
its degree. Now consider an optimal cut (A, B). Define m := |A| and assume without loss of
generality that m < n/2. Since dpim < n — 1, we are done when the value of a minimum cut is
at least 2, so assume that it is 1. Note that A has at most (’g) internal edges, accounting for
a total degree of 2 - (7;’) Since each vertex in A has degree at least dy,;,, we thus have at least
m - dpin —m(m — 1) edges crossing the cut. As we just assumed that the minimum cut value is 1,
it follows that m - dyin — m(m — 1) < 1, which implies that dpin < (m —1) — % < % O
Lemma 1 immediately implies that there is a 2-stable ”Tfl—approximation algorithm, namely
the algorithm that maintains a singleton cut that gives a %—approximation. (Note that switching
between two singleton cuts requires at most two vertex flips.) Thus we obtain the following theorem.

Theorem 9. There is a 2-stable "gl-approximation algorithm for MINIMUM CUT in general
graphs.

For planar graphs, a similar situation occurs when p > 5, since we know that any planar graph
has a vertex of degree at most 5. A singleton cut consisting of such a vertex is thus a 5-approximate
cut, and maintaining one such cut requires at most two vertex flips per iteration.

Theorem 10. There is a 2-stable 5-approximation algorithm for MiINIMUM CUT in planar graphs.

Contrary to the case of maintaining a minimum cut, the Q(n/p?) amortized lower bound of
Theorem 7 is not tight with respect to the trivial O(n) upper bound. We now reduce this gap by
showing a new upper bound for maintaining a p-approximate cut in the clairvoyant setting.

Theorem 11. There exists a clairvoyant p-approximation algorithm for MINIMUM CUT with

. . nlogn
amortized stability O ( oTosp ) .
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For the sake of clarity, we introduce a slightly different notation. We use v(t) to denote the
vertex arriving at time ¢ and let G(t) := (V (¢), E(t)) represent the graph obtained after the arrival
of vertex v(t). We let OPT(¢) denote the value of a minimum cut in G(t), and let ALG(¢) denote
the value of the cut maintained by our algorithm at time ¢. To identify a cut in G(t), we specify only
the bipartition set X (t) C V(¢) that contains vertex v(1), and use cost(X (t)) to denote its value in
G(t). We use D(X(t), X(t+ 1)) to denote the difference—as defined in the introduction—between
cuts X (t) and X (¢t + 1).

Next, we state two simple results that form the basis of our algorithm.

Lemma 2. Let X(t) be any cut in G(t) and let t' < t. If V(') € X(t) then the set Y(¢') =
V(') N X(t) is a feasible cut in G(t') with cost(Y (t')) < cost(X (¢)).

Proof: Note that V(#') N X (t) # 0 since v(1) € V(#') N X (t). Moreover, V(') N X (t) # () since
V(t') € X(t). Hence, Y(t') is a feasible cut. Further, the edges crossing the cut Y (¢') must be a
subset of the edges crossing the cut X (¢), hence the value of the cut Y (¢') cannot be greater than
that of X (t). O

Lemma 3. If OPT(t+ 1) < OPT(t), then the cut X(t+ 1) = V(t) is the unique minimum cut in
G(t+1).

Proof: For the sake of contradiction, suppose there is a cut Y (¢t +1) C V(t) with cost(Y (¢t +1))
OPT(t+1). But then the cut Y(¢) = Y (¢+1)\ {v(t +1)} has cost(Y (t)) < OPT(t+1) < OPT(¢
contradicting that OPT(¢) is minimum.

IN

~—

|

The algorithm. Consider the sequence OPT'(2),...,OPT(n) of minimum cut values at times
t =2,...,n. We can partition the time interval [2,n] into sub-intervals, or phases, I; such that
OPT(t) is non-decreasing for all ¢t € I;. Notice that, by Lemma 3, the minimum cut at the start
of a phase is always a singleton cut. Now, let s be a parameter. With the aid of clairvoyance, the
algorithm can distinguish between two types of phases: a short phase—when |I;| < s—and a long
phase—when |I;| > s.

In a short phase Ishort = [tstart, tend], the algorithm adopts the following simple strategy: For
all t € Ighort, maintain the cut Xae(t) = V(¢) \ {v(tstart) }-

Lemma 4. For any short phase Isnort = [tstart, tend], we have:
1. D(Xag(t), Xaig(t + 1)) =0 for all t € [tstart, tena — 1], and
2. ALG(t) < (s —1) - OPT(¢) for all t € Ighort-

Proof: The first part of the lemma trivially follows from the definition of cut difference and the
fact that Xag(t + 1) N Xag(t) = {v(t)}. The second part follows from the fact that by Lemma 3,
the starting cut Xalg(tstart) is minimum, and from observing that each vertex arrival after tgta,t
can only increase the degree of v(fstart) in one unit. Putting this together with the fact that
OPT(t) > OPT(tstart) for all t € Lot implies the result. O

Now, let Ijong be along phase, and let p be the approximation guarantee we want to achieve with
the algorithm. We define a sub-phase Isup = [tstart, tena] Of phase Tiong as a maximal time interval
such that OPT(tena) < p - OPT(fstart), With fstare, tend € liong. See Figure 8 for an illustration.
(With a slight abuse of notation, we are re-using the notation tstart and tenq here, to also denote the
start and end of a sub-phase.) Notice that there can be up to O(logn/log p) sub-phases in a long
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Figure 8: Illustration of a long phase and its division into sub-phases based on the approximation
guarantee, p. The y-axis represents the range [1, n] of possible min-cut values, with OPT denoting
the min-cut value at the start of the long phase. The x-axis represents discrete time steps, parti-
tioned by dotted vertical lines that divide the long phase into sub-phases.

phase. Ideally, we would like our algorithm to identify sub-phases in a long phase and for each sub-
phase adopt the following strategy: For all ¢ € I, maintain the cut Xag(t) = V (¢) N Xopt (tend)s
where Xt (tend) 1S @ minimum cut in G(tenq). This has the potential to grant us similar results
to Lemma 4. The strategy, however, is flawed: the cut X,i4(¢) might be infeasible since there can
be some time ¢’ € Iy, for which V(t') C Xop(tend)-

To refine this strategy, we further partition a sub-phase Isub = [tstart, tend] into sub-intervals
Il = [ti,tiz1) as follows. First, we let tg := tstare. Then, given ¢;, we define ¢;;1 as the time
immediately after the “furthest” time t € I,y such that X,p¢(f)—a minimum cut in G(t)—induces
a feasible cut in G(t;). More formally, t;41 = 1 + max{t | t < teng and V(t;) € Xope(t)}. Now,
as our new strategy, for each sub-interval Isiub = [t;, t;11) let the algorithm perform the following:
For all ¢ € I’ , maintain the cut X () = V(¢) N Xopt (tip1 — 1).

Lemma 5. For any sub-phase Isu, = [tstart, tend] 0f a long phase we have:
1. Y, D(Xag(t), Xaig(t + 1)) = O(n) for all t € [tsart, tena — 1], and
2. ALG(t) < p- OPT(¢) for allt € Iyyp.

Proof: We start with the second part of the lemma. First, observe that X,,(t) is feasible through-
out ey, since on each sub-interval [t;,t;41) of Isy, we have that Xop(t;41 — 1) induces a feasible
cut on G(t;), hence also on G(t) for all t € [t;,t;11). Now, for each sub-interval I’ of Iy, by
Lemma 2 we have ALG(t) < OPT(t;41 — 1) for all t € I’ ;. But OPT(t;41 — 1) < p- OPT(tstart)
for every sub-interval of Ig,,. Hence, ALG(t) < p - OPT (tstart) for all ¢ € Igyp.

Now we prove the first part of the lemma. Recall that v(1) € Xa,(t) for all t € Ig,,. First,
observe that any vertex is placed into X,i(¢) at most once during any given sub-interval. (It
is simply assigned to the maintained set Xz (t) of the bipartition or its complement.) Now, let
Il , = [ti,tit1) be a sub-interval of Is,,. We claim that a vertex v € X,,(f;) cannot be flipped
out of X,i(t) in any ¢ such that t,11 <t < teng. This follows because, otherwise, there would be
a time ¢/ > t;41 — 1 such that X, (¢') induces a feasible cut in G(¢;), which violates the condition
that ¢;41 — 1 was maximal. Therefore, a vertex can be flipped in the sub-phase I}, at most once.
Accounting for all vertices then gives the result. a
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We are now ready to prove Theorem 11.

Proof: The approximation ratios of short and long phases are (s — 1) and p, respectively. Hence,
the approximation ratio of the algorithm is max(s — 1,p). Now we analyze the stability of the
algorithm. First observe that, by Lemma 4, there are no vertex flips performed in short phases. As
for long phases, we know that each can have at most O(log”) sub-phases and, by Lemma 5, each

log p
sub-phase performs at most O(n) vertex flips in total. There are at most % long phases, hence the

total number of vertex flips performed by long phases is 2 - O(n - llgﬁ) = O("Qllﬂ).
g P slo
We only have left to account for the number of vertex flips induced at the start of each phase
and sub-phase; namely, when going from one phase (resp. sub-phase) to the next. Notice that, by
Lemma 3, going from a short phase to another phase (either short or long) induces a single vertex
flip. On the other hand, going from a long phase to a short phase, as well as from a long phase

to another long phase, can each induce O(n) vertex flips. Hence, the total number of vertex flips

performed at the start of long phases is O( "?2) Finally, within each long phase, the total number

of vertex flips performed when going from the end of one subphase to the beginning of the next
2

subphase is O(n - llzg"). In total for every long phase then, we have O(%‘;g:) vertex flips.

Putting all this together, we get that the total number of vertex flips pérformed by the algorithm

is O(m). The result of the theorem then follows by setting s = p and dividing the total number
slogp

of vertex flips by n. a

3.4.2 Approximate s-t Cuts

One of the main challenges in designing stable algorithms for MINIMUM CUT is that a singleton
cut, consisting of a newly revealed vertex, can become the minimum cut. (Lemma 3 shows this is
the only way the minimum cut value can decrease in the vertex arrival model.) For MINIMUM s-¢
CuT, however, this issue does not arise, since the only singleton s-t cuts are those defined by s or
t. Consequently, the value of the minimum s-¢ cut increases monotonically during a vertex arrival
sequence. Using this property, we now prove that the clairvoyant algorithm of Theorem 11 can be
used to establish a tight bound on the amortized stability of maintaining a p-approximate s-t cut.
We use the notation established for proving Theorem 11, most notably, the notions of long phases
and sub-phases.

Theorem 12. There exists a clairvoyant p-approximation algorithm for MINIMUM s-t CUT with

amortized stability O (112&)
gp

Proof: Consider the sequence OPT (ipath), - - -, OPT(n) of minimum s-¢ cut values at times i €
[p,n], where ipatn denotes the first timestep at which s and ¢ are joined by a path. Since the
minimum s-t cut value is monotonically increasing during a vertex arrival sequence, we treat the
time interval fiong = [ipath, 7] in the same way as a long phase in the clairvoyant algorithm of
Theorem 11. Hence, we partition Iione into O(logn/logp) sub-phases. Recall that a sub-phase
Isub = [istarts tena) Of I is @ maximal time interval such that OPT (iena) < p - OPT (istart)-

With clairvoyance, our algorithm identifies all sub-phases of I. For each sub-phase Iy, =
[istart, Zend], the algorithm adopts the following strategy: For all i € [istart, tena], maintain the cut
Xag(?) = V(i) N Xopt(tena), where Xopi(fend) is @ minimum s-¢ cut in the graph G(iena). That
is, the algorithm looks ahead at timestep icnd, finds a minimum s-t cut Xaig(éend), and keeps the
same bipartition throughout i € [istart, tend] limited to the vertices revealed until timestep i. Note
that the maintained s-t cut is always feasible, as no side of the bipartition is ever empty. Moreover,
from Lemma 5, we have that ALG(i) < p- OPT (i), for all i € Igyy,.
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In terms of stability, the difference between the s-t cuts maintained at consecutive timesteps
within a sub-phase is 0, meaning no vertex flips are performed during the sub-phases. However,
vertex flips may occur when transitioning between sub-phases. As shown in the proof of Theorem
11, the total number of vertex flips caused by transitions between sub-phases in a long phase is

O (%). Dividing this total by n gives the desired result. O

4 Concluding Remarks

We studied the stability of dynamic algorithms for MINIMUM CUT and MINIMUM s-t CUT under
the vertex-arrival model. We showed that, for general and planar graphs, the trivial stability
bound is tight up to constant factors in both the oblivious and clairvoyant settings. This holds for
maintaining both exact and p-approximate cuts. When the approximation ratio satisfies p > %71 in
general graphs and p > 5 in planar graphs, we show that there are simple 2-stable p-approximation
algorithms for MINIMUM CUT. In the amortized case, we also obtained that the trivial stability
bound is tight up to constant factors for both problems, but only for the exact case. When
maintaining p-approximate cuts, we showed that there are better-than-trivial average stability
bounds. For approximating MINIMUM CUT, we establish a lower bound of Q(n/p?) and give a

nlogn
plogp

clairvoyant algorithm with amortized stability O ( ) For approximating MINIMUM s-t CUT,

we establish a tight stability bound of © (11(0)2 z) in the clairvoyant setting.

The lower bound proofs in this work rely on specific constructions that may never show up
in practice. We believe that situations in which a vertex insertion induces many vertex flips are
rare. As such, the average case analysis of amortized stability of global and s-f min-cuts seems like
an interesting research direction. This is further motivated by the average-case results obtained
in this work. Another promising approach toward improved stable approximation algorithms for
global and s-t min-cuts is to consider graphs of bounded degree. Finally, we believe that exploring
other problems from the viewpoint of stability is an interesting endeavor.
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