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Abstract. This paper introduces a simple and fast method to combinatorially

approximate the feedback arc set problem on weighted tournaments, a well-known
classical NP-hard problem. Our results are as follows:

� A combinatorial 3-approximation algorithm for the minimum feedback arc set
problem with the expected running time of O(|V | log |V |) on tournaments that
satisfy the probability constraints, where V is the set of vertices of the tourna-
ment. The previously best-known approximation factor was 4.

� A combinatorial 5/3-approximation algorithm for the minimum feedback arc set
problem with the expected running time of O(|V | log |V |) on tournaments that
satisfy both the probability and the triangle inequality constraints. The previously
best-known approximation factor was 2.

Although these problems currently have a PTAS algorithm that returns a 1+ ϵ approx-
imation solution, the running time is doubly exponential with respect to 1/ϵ, which is
merely significant in theory. Moreover, there are LP-based algorithms that solve these
problems with better approximation factors than ours, but at the expense of solving an
LP with O(|V |2) variables and O(|V |3) constraints, which requires an excessive expen-
diture of time, making them inappropriate for practical use. There exist combinatorial
algorithms with dramatically faster running times and larger approximation factors
that are useful for practical use. The running time of our combinatorial algorithms is
the same as that of the best-known combinatorial algorithms for this problem, but our
algorithms have better approximation factors.

We have also shown that the proposed approach can be applied to other problems.
Here, we use the method to approximate the rank aggregation problem and show the
superiority of the result compared to current solutions.
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1 Introduction

A tournament is a complete weighted directed graph with exactly two directed edges (i, j) and
(j, i) between any pair of distinct vertices i and j. A tournament can be represented by (V,w)
where V is the set of its vertices, and weight function w indicates the weight of each edge, i.e.
wij ≥ 0 is the weight of edge (i, j). A simple tournament is a tournament such that for any pair
of distinct vertices i and j, the weight of one of the edges (i, j) or (j, i) is 1, and the weight of the
other one is 0. A tournament satisfies the probability constraints if wij + wji = 1 for any pair of
distinct i, j ∈ V . A tournament satisfies the triangle inequality constraints if wik ≤ wij + wjk for
any triple of distinct i, j, k ∈ V .

A ranking on a finite set S of size n is a bijective function π : S → {1, . . . , n} where π(i) is the
position of i ∈ S in the ranking. An edge (i, j) in a tournament (V,w) is backward according to a
ranking π on V , if π(i) > π(j). The cost of a ranking π is defined as,

cost(π) =
∑
i,j∈V

π(i)<π(j)

wji.

A feedback arc set for a tournament is a set of edges whose removal makes the tournament
acyclic. The weight of a feedback arc set is the sum of the weights of its edges. A minimum
feedback arc set (FAST) is a feedback arc set with minimum possible weight. A minimum feedback
arc set for (V,w) can also be described as a ranking πFAST of V , whose cost is minimum among
all rankings of V . Hence,

πFAST = argmin
π

cost(π).

The minimum feedback arc set problem on tournaments is a classical well-studied problem that
has a rich history [11, 15, 18, 19], with numerous applications in ranking, preference aggregation,
and decision-making [12, 10, 16, 8, 18]. This problem is a foundational problem due to its di-
rect connection to real-world ranking systems where inconsistencies naturally arise from noisy or
uncertain pairwise data. In many practical settings, the pairwise comparisons between elements
are not deterministic but probabilistic. When the weight of each directed edge between vertices i
and j in the tournament represents the probability that element i is preferred to element j. So,
wij +wji = 1, we obtain tournaments that satisfy probability constraints. Such probabilistic tour-
naments model real phenomena in which preferences or outcomes are inherently uncertain. This
framework arises in numerous contexts, including social choice and voting, sports ranking, psy-
chometrics, and online recommendation systems, where outcomes are best expressed as likelihoods
rather than absolute wins or losses. In these scenarios, the minimum feedback arc set problem
finds an ordering that minimizes the number of upsets, effectively providing a maximum-likelihood
ranking of the observed data [5].

These constrained tournament instances also have a particular application in information sys-
tems, where large-scale data processing often requires robust ranking mechanisms to handle in-
consistent or noisy inputs. In rank aggregation, for example, multiple conflicting rankings from
different sources, such as user preferences or algorithmic outputs are combined into a consensus
ordering that minimizes the total Kendall tau distance. Here, the weights satisfy both probability
and triangle inequality constraints. This directly applies to meta-search engines in information re-
trieval, where results from various search providers are merged to produce a unified list, improving
query relevance and user satisfaction by minimizing discrepancies [2].
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1.1 Previous Works

It has been shown that the minimum feedback arc set problem, even on simple tournaments, is
NP-hard [2, 3]. Kenyon-Mathieu and Schudy [13] gave a polynomial-time approximation scheme
(PTAS) for the minimum feedback arc set problem on tournaments which returns a 1 + ϵ approx-
imation solution for any desired ϵ > 0. However, the running time of this algorithm is doubly
exponential in 1/ϵ.

Ailon et al. [2] gave an LP-based 2.5-approximation algorithm for the minimum feedback arc set
problem on tournaments that satisfy the probability constraints. Recently, this was improved to
2.127 [14]. Also, there is an LP-based 1.5-approximation algorithm for the tournaments that satisfy
the triangle inequality constraints [1]. These algorithms, in comparison to the PTAS algorithm,
are much faster, although they still need to solve the LP formulation shown in relation (1), which
is a linear programming for minimum feedback arc set problem on tournaments. Note that this
LP has O(|V |2) variables and O(|V |3) constraints.

minimize
∑
i<j

xijwji + xjiwij

subject to xij + xjk + xki ≥ 1 for all distinct i, j, k ∈ V
xij + xji = 1 for all distinct i, j ∈ V
0 ≤ xij for all distinct i, j ∈ V

(1)

Due to the high running time of the LP-based algorithms, more efficient algorithms have been
proposed. Ailon et al. [2] introduced the first combinatorial constant factor approximation algo-
rithm for the feedback arc set problem on tournaments, called KwikSort. It is a 5-approximation
algorithm for tournaments that satisfy the probability constraints. For simple tournaments, it is
a 3-approximation algorithm. It is also a 2-approximation algorithm if the tournaments satisfy-
ing both the probability and the triangle inequality constraints. This algorithm recursively finds
a ranking which is an approximate solution for the FAST problem. It chooses a vertex p ∈ V
uniformly at random as a pivot, and, for any u ∈ V − {p} if wup > wpu it puts u to the left side
of p, if wup < wpu it puts u to the right side of p, and if wup = wpu it puts u to the left side or
the right side of p, arbitrarily. Then, it recursively finds the position of the vertices which are on
the left side and on the right side of p, independently. Clearly, the expected running time of this
algorithm is O(|V | log |V |).

Coppersmith et al. [7] gave another 5-approximation combinatorial algorithm for the minimum
feedback arc set problem on tournaments having probability constraints. This algorithm simply
sorts the vertices by their weighted in-degrees. The running time of this algorithm is O(|V |2)
because we need O(|V |) time to compute the in-degree of each vertex. Zuylen et al. [20] pre-
sented a 4-approximation combinatorial algorithm for the minimum feedback arc set problem on
tournaments satisfying probability constraints. To the best of our knowledge, this algorithm was
the best-known combinatorial algorithm for this problem. Table 1 summarizes these results along
with the results from this paper.

1.2 Our Results

Our algorithm for the FAST problem, called QuickFAST, is similar to KwikSort, but we use
different separating rules to assign vertices to the right or left sides of the pivot vertex. Our
proposed separating rules improve the approximation factors for the tournaments satisfying the
probability constraints from 4 to 3, and for the tournaments satisfying both the probability and
triangle inequality constraints from 2 to 5/3.
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Problem
LP-Based

Result

Previous

Combinatorial

Result

This Paper

Combinatrial

Result

FAST (Probability Constraints) 2.5 [2], 2.127 [14] 5 [2, 7], 4 [20] 3

FAST (Probability and Triangle

Inequality Constraints)
2 [3], 1.5 [1] 2 [2] 5/3

Table 1: Approximation factors of LP-based and combinatorial algorithms.

Designing proper probabilistic function is generally a common task in decision making in ran-
domized algorithms, and mainly affects the efficiency and quality of the obtained result. Our
method in this paper is similar to the method that Ailon et al. [2] used for their algorithm. We
have adjusted and modified this method to be used for the analysis of our algorithm.

As the second part of this paper, we have applied the method for the rank aggregation problem
which is in close connection with the FAST problem. The rank aggregation problem can be trans-
formed to an instance of the FAST problem. Our algorithm for this problem, called QuickRank,
uses QuickFAST as a subroutine and we show that the result is slightly better than the currently
proposed best combinatorial algorithm [2].

Expanding on the landscape of algorithms for the minimum feedback arc set on the general
weighted graph, several additional recent contributions offer complementary approaches to heuristic
and scalable solutions. For example, Simpson et al. introduce an efficient depth-first search-based
method for computing feedback arc sets in massive web-scale graphs, leveraging parallel processing
to handle billions of nodes and edges, which is particularly effective for real-time applications
in social networks and recommendation systems [17]. Cavallaro et al. extend their prior work
with algorithms that ensure minimal feedback arc sets maintain graph centrality measures, using
topological sorting to balance vertex degrees and enhance robustness in network analysis tasks [6].
Xiong et al. present reduction rules and divide-and-conquer strategies tailored for very large graphs,
achieving near-optimal small feedback arc sets through kernelization techniques that significantly
prune instance sizes before applying local search [21].

2 QuickFAST Algorithm

QuickFAST is our quick and simple randomized approximation algorithm for FAST problem
whose pseudocode is depicted in Algorithm 1. As you can see, it is similar to KwikSort. This
algorithm returns an approximate solution for the FAST problem in the expected running time
of O(|V | log |V |). QuickFAST needs a rounding function that is a function f : V × V → [0, 1]
such that f(i, j) = 1 − f(j, i) for any pair of distinct i, j ∈ V . For brevity, we use fij instead
of f(i, j). If the tournament satisfies the probability constraints, we use the identity rounding
function fij = wij , and if the tournament satisfies the triangle inequality constraints in addition
to the probability constraints, we use rounding function fij = h(wij), where,

h(w) =


0 if w ∈ I1 = [0, 1/3]

3w − 1 if w ∈ I2 = [1/3, 2/3]

1 if w ∈ I3 = [2/3, 1]
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QuickFAST((V,w)):
if V = ∅ then

return an empty ranking;
else

Choose p ∈ V uniformly at random;
Intialize empty lists VL and VR;
for each u ∈ V − {p} do

Add u to VL with probability fup, otherwise (with probability fpu = 1− fup)
add u to VR;

return Concatenation of QuickFAST
(
(VL, w)

)
, p, QuickFAST

(
(VR, w)

)
Algorithm 1: Pseudocode of QuickFAST.

2.1 Analysis of the Algorithm

For any pairs of distinct vertices i and j, exactly one of the edges (i, j) or (j, i) is a backward
edge in the ranking returned by QuickFAST. We call the backward edge between vertices i and j
good backward if these vertices were in a recursive call of the algorithm, and one of them has been
selected as a pivot in that call. A backward edge is bad backward if it is not good; in other words,
the backward edge between vertices i and j is a bad backward if there exists a vertex k along with
vertices i and j in a recursive call of the algorithm, and in this recursive call, k is selected as the
pivot, and vertices i and j are placed in different sides of k.

We define Ek
ij(= Ek

ji) as the event in which vertices i, j, and k co-exist in a recursive call, and

in that recursive call, k is chosen as the pivot. Events Ek
ij , E

i
jk, and E

j
ki have equal probabilities

because we choose the pivot vertex uniformly at random. Let F k
ij be the event that pivot k sets

i to its left side and j to its right side. The events F k
ij and F k′

ij are disjoint for any distinct pair
k, k′ ∈ V − {i, j}, because when a pivot vertex puts i and j to its different sides, i and j can
no longer co-exist in another recursive call. Therefore, with probability Pr

[⋃
k∈V−{i,j} F

k
ij

]
=∑

k∈V−{i,j} Pr
[
F k
ij

]
, the edge (j, i) is a bad backward edge. The event F k

ij occurs when Ek
ij

occurs and the pivot k sets i and j to its left and right sides, respectively. Therefore, Pr
[
F k
ij

]
=

Pr
[
Ek

ij

]
Dk

ij , where D
k
ij := fikfkj . In fact, Dk

ij is the probability that while i, j and k are in a same
recursion step and k is picked as the pivot of that step, i and j is set to the left and right of k,
respectively.

Let πQF be the ranking returned by QuickFAST, and random variables BQF and GQF be the
sum of the weights of all bad and good backward edges in πQF , respectively. This means that

E[cost(πQF )] = E[BQF ] + E[GQF ].

The expected value of BQF is computed as follows.

E
[
BQF

]
=
∑
i<j

∑
k∈V−{i,j}

Pr
[
Ek

ij

]
Dk

ijwji + Pr
[
Ek

ij

]
Dk

jiwij =
∑

i<j<k

Pr
[
Ek

ij

]
ϕijk (2)

where,

ϕijk =Dk
ijwji +Dk

jiwij +Di
jkwkj +Di

kjwjk +Dj
kiwik +Dj

ikwki.
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The backward edge between i and j is bad with probability∑
k∈V−{i,j}

Pr[F k
ij ∪ F k

ji] =
∑

k∈V−{i,j}

Pr[F k
ij ] + Pr[F k

ji] =
∑

k∈V−{i,j}

Pr[Ek
ij ]
(
Dk

ij +Dk
ji).

So, the backward edge between i and j with probability 1 −
∑

k∈V−{i,j}E
k
ij

(
Dk

ij + Dk
ji) is good.

Therefore, the expected value of GQF is computed as follows.

E
[
GQF

]
=

∑
i<j

(
1−

∑
k∈V−{i,j}

Pr
[
Ek

ij

](
Dk

ij +Dk
ji

))(
fijwji + fjiwij

)
(3)

Let CLP be the optimal value of LP 1 that is
∑

i<j xijwji + xjiwij . Then,

CLP =
∑
i<j

xijwji + xjiwij

=
∑
i<j

∑
k∈V−{i,j}

Pr
[
Ek

ij

](
Dk

ij +Dk
ji

)(
xijwji + xjiwij

)
+

∑
i<j

(
1−

∑
k∈V−{i,j}

Pr
[
Ek

ij

](
Dk

ij +Dk
ji

))(
xijwji + xjiwij

)
.

We define,

BLP =
∑
i<j

∑
k∈V−{i,j}

Pr
[
Ek

ij

](
Dk

ij +Dk
ji

)(
xijwji + xjiwij

)
=

∑
i<j<k

Pr
[
Ek

ij

]
ψijk (4)

where,

ψijk =
(
Dk

ij +Dk
ji

)
(xjiwij + xijwji)+(

Di
jk +Di

kj

)
(xkjwjk + xjkwkj)+(

Dj
ki +Dj

ik

)
(xikwki + xkiwik)

and

GLP =
∑
i<j

(
1−

∑
k∈V−{i,j}

Pr
[
Ek

ij

](
Dk

ij +Dk
ji

))(
xijwji + xjiwij

)
. (5)

Then,
CLP = BLP +GLP .

Let OPT be the cost of the optimal value of the feedback arc set problem. Then, CLP is a lower
bound for OPT [2].

Note that for any pair of distinct vertices a and b, the second constraint of LP 1 implies that
xba = 1 − xab, and the probability constraints imply that wba = 1 − wab. If we use one of the
rounding functions that we presented in Section 2 as the rounding function of QuickFAST (i.e.
fij = h(wij) or fij = wij), then ϕijk and ψijk are functions with six variables xij , xjk, xki, wij ,
wjk, and wki.

Lemma 1. QuickFAST is an α-approximation algorithm for the feedback arc set problem if the
following two conditions hold:
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1. For any pair of distinct vertices i and j,

∆FAST (xij , wij) :=
(
fijwji + fjiwij

)
− α

(
xijwji + xjiwij

)
≤ 0.

2. For any triple of distinct vertices i, j, and k,

ΩFAST (xij , xjk, xki, wij , wjk, wki) := ϕijk − α · ψijk ≤ 0.

Proof: If Condition 1 holds, then E
[
GQF

]
≤ α ·GLP is a direct consequence of equations 3 and 5.

If Condition 2 holds, then from equations 2 and 4, we have E
[
BQF

]
≤ α ·BLP . Therefore,

E
[
cost(πQF )

]
= E

[
BQF

]
+ E

[
GQF

]
≤ α ·BLP + α ·GLP = α · CLP ≤ α ·OPT.

2

To prove an approximation factor α for QuickFAST using Lemma 1, we need to show that
the maximum values of ∆FAST and ΩFAST are less than or equal to 0 for that value of α.

Theorem 1. The QuickFAST algorithm with fij = wij is a 3-approximation algorithm for the
feedback arc set problem on tournaments that satisfy probability constraints.

Proof: We will show that both conditions of Lemma 1 hold for α = 3. Without loss of generality,
suppose that wij ≥ wji.

∆FAST (xij , wij) = fijwji + fjiwij − α(xijwji + xjiwij)

≤ wijwji + wjiwij − 3(xijwji + xjiwji) (Since wij ≥ wji.)

= 2wjiwij − 3wji (Since xij + xji = 1.)

≤ 2wji − 3wji (Since 0 ≤ wij ≤ 1.)

≤ 0.

Therefore, Condition 1 holds for α = 3. By the definitions of ϕijk and ψijk, we have,

ϕijk = 3(wikwkjwji + wijwjkwki) (6)

and

ψijk ≥(xjiwijD
k
ji + xijwjiD

k
ij)+

(xkjwjkD
i
kj + xjkwkjD

i
jk)+

(xikwkiD
j
ik + xkiwikD

j
ki)

=(xij + xjk + xki)(wikwkjwji) + (xik + xkj + xji)(wijwjkwki)

≥wikwkjwji + wijwjkwki. (7)

The last equality follows from the first condition of LP 1. By Equality 6 and Inequality 7, we have

ΩFAST (xij , xjk, xki, wij , wjk, wki) = ϕijk − 3ψijk ≤ 0.

Therefore, Condition 2 holds for α = 3, as well. 2

Theorem 2 gives the approximation factor for our algorithm on tournaments satisfying the
probability and triangle inequality constraints. Our proof hinges on two following lemmas, stated
below. We first present the proof of Theorem 2 using these lemmas, and subsequently prove the
lemmas themselves.
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Lemma 2. If fij = h(wij) in QuickFAST algorithm, the first condition of Lemma 1 holds for
α = 5/3 on tournaments that satisfy both the probability and the triangle inequality constraints.

Lemma 3. If fij = h(wij) in QuickFAST algorithm, then the second condition of Lemma 1
holds for α = 5/3 if the input tournament satisfies both the probability and the triangle inequality
constraints.

Theorem 2. The QuickFAST algorithm with fij = h(wij) is a 5/3-approximation algorithm for
the feedback arc set problem on tournaments that satisfy both probability and triangle inequality
constraints.

Proof: By Lemma 2 and Lemma 3, two conditions of Lemma 1 hold for α = 5/3 which complete
the proof. 2

In the rest of this section, we will prove Lemma 2 and Lemma 3. To do this, for each of the
functions ΩFAST and ∆FAST , we will find a subset of its domain such that the maximum value of
the function on its domain and on that subset are the same. This helps us to find the maximum
values more simply.

Proof: [Lemma 2] In ∆FAST , we set fij to h(wij), if tournament satisfies both probability and
triangle inequality constraints. If we fix the value of wij then ∆FAST is a linear function with
single variable xij , and it can reach to its maximum value when xij is in {0, 1}, which is the set
of the endpoints of the domain of xij . On the other hand, ∆FAST (1, a) = ∆FAST (0, 1 − a) for
any a ∈ [0, 1]. So, instead of the whole domain of ∆FAST , we can find the maximum value of ∆
on D(∆) :=

{
(0, wij)

∣∣wij ∈ [0, 1]
}
. We will show that ∆FAST ≤ 0 on domain D(∆) for α = 5/3.

� If 0 ≤ wij ≤ 1/3 then,

∆FAST (0, wij) =
(
fijwji + fjiwij

)
− α

(
xijwji + xjiwij

)
=

(
0× (1− wij) + 1× wij

)
− 5

3

(
0× (1− wij) + 1× wij

)
= wij −

5

3
wij ≤ 0.

� If 1/3 ≤ wij ≤ 2/3 then,

∆FAST (0, wij) =
(
3wij − 1

)(
1− wij

)
+

(
3(1− wij)− 1

)
wij −

5

3
wij

= −6w2
ij +

13

3
wij − 1 < 0.

� If 2/3 ≤ wij ≤ 1 then,

∆FAST (0, wij) = 1×
(
1− wij

)
+ 0× wij −

5

3
wij = 1− 8

3
wij ≤ 0.

2

Proof: [Lemma 3] By the first constraint of LP 1, For any i, j, k ∈ V , we have 1 ≤ xij +xjk +xki,
and also 1 ≤ xkj + xji + xik. Therefore,

1 ≤ xkj + xji + xik = (1− xjk) + (1− xij) + (1− xki) =⇒ xij + xjk + xki ≤ 2.
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Thus, the domain of (xij , xjk, xki) is

U = {(a, b, c)
∣∣ a, b, c ∈ [0, 1] ∧ 1 ≤ a+ b+ c ≤ 2}.

Similarly, we can show that the domain of (wij , wjk, wki) is U , if the tournament satisfies both the
probability and the triangle inequality constraints.

If in ΩFAST , we set fij to one of the rounding functions which we defined, and fix the values of
variables wij , wjk and wki then ΩFAST is a linear function with three variables xij , xjk and xki.
Therefore, ΩFAST will receive its maximum value when (xij , xjk, xki) is in the set of vertices of its
domain that is the polytope U . These vertices are (0, 0, 1), (0, 1, 0), (1, 0, 0), (0, 1, 1), (1, 0, 1) and
(1, 1, 0). On the other hand, for any a, b, c ∈ [0, 1], due to the symmetry of ΩFAST , we have

ΩFAST (1, 0, 0, a, b, c) = ΩFAST (0, 1, 0, c, a, b) = ΩFAST (0, 0, 1, b, c, a) =

ΩFAST (0, 1, 1, 1− a, 1− b, 1− c) = ΩFAST (1, 0, 1, 1− c, 1− a, 1− b) =

ΩFAST (1, 1, 0, 1− b, 1− c, 1− a).

So, to find the maximum value of ΩFAST , we can only focus on (xij , xjk, xki) = (1, 1, 0).

For any a, b, c ∈ {1, 2, 3} we define

Pabc = {(1, 1, 0, wij , wjk, wki) | (wij , wjk, wki) ∈ Ia × Ib × Ic ∩ U}

where I1, I2, and I3 are the intervals which are defined in the definition of function h. Thus, for
tournaments that satisfy both the probability and the triangle inequality constraints, it is enough
to find the maximum value of ΩFAST on

⋃
a,b,c Pabc. In these tournaments, fij = h(wij). So, if

we fix all variables of ΩFAST except one from wij , wjk or wki, then ΩFAST on a specific Pabc is
a line (in degenerate case, a point). Hence, for such a situation with only one non-fix argument
w′ ∈ {w′

ij , w
′
jk, w

′
ki}, the value of ΩFAST decreases in at most one direction of changes of w′ (when

we decrease or increase the value of w′ it is impossible that the value of ΩFAST getting decreased
in both directions of changes of w′). Thus, ΩFAST on a specific Pabc receives its maximum value
in one of the vertices of Ia × Ib × Ic or in a point at the boundary of U . So, there is a point that
maximizes ΩFAST and has at least one of the following conditions:

� wij + wjk + wki ∈ {1, 2}

� wij , wjk, wki ∈ {0, 1/3, 2/3, 1}

Therefore, when tournaments satisfy both the probability and the triangle inequality constraints,
its enough to find the maximum value of ΩFAST on

DT (Ω) =
{
(1, 1, 0, wij , wjk, wki)

∣∣ (wij , wjk, wki) ∈ Y
}

where,

Y =
{
(a, b, c)

∣∣ (a, b, c) ∈ U ∧
(
a+ b+ c ∈ {1, 2} ∨ a, b, c ∈ {0, 1

3
,
2

3
, 1}

)}
.

Let wij + wjk + wki ∈ {1, 2}. As wki ∈ [0, 1], if wij + wjk < 1, then wki = 1 − wij − wjk;
if wij + wjk > 1, then wki = 2 − wij − wjk; and if wij + wjk = 1, then wki = 1 − wij − wjk
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or wki = 2 − wij − wjk. Besides that, Ω(1, 1, 0, wij , wjk, wki) = Ω(1, 1, 0, wjk, wij , wki) due to
symmetry. Therefore, DT (Ω) = D1 ∪D2 ∪D3 where,

D1 =
{
(1, 1, 0, wij , wjk, 1− wij − wjk)

∣∣ wij , wjk ∈ [0, 1], wij ≤ wjk, wij + wjk ≤ 1
}

D2 =
{
(1, 1, 0, wij , wjk, 2− wij − wjk)

∣∣ wij , wjk ∈ [0, 1], wij ≤ wjk, wij + wjk ≥ 1
}

D3 =
{
(1, 1, 0, wij , wjk, wki)

∣∣ (wij , wjk, wki) ∈ U, wij ≤ wjk, wij , wjk, wki ∈ {0, 1/3, 2/3, 1}
}

All possible values of D3 and their corresponding values for ΩFAST have been shown in Table
2, which shows that ΩFAST ≤ 0 on D3. We will complete the formal proof for this lemma by giving
a detailed discussion in Appendix A showing that the maximum value of ΩFAST on D1 ∪ D2 is
also less than or equal to 0. 2

3 QuickRank Algorithm

For two rankings π1 and π2 on a set V , the Kendall-Tau distance is defined as,

K(π1, π2) =
∣∣{(i, j) ∈ (V × V ) s.t. π1(i) < π1(j) ∧ π2(i) > π2(j)

}∣∣.
Having a set of rankings π1, . . . , πm on V , Kemeny gave a measure for the best ranking that

aggregates these rankings [12]: the rank aggregation problem (Kemeny optimal ranking) is to find
a ranking πRank whose sum of the Kendall-Tau distances from π1, . . . , πm is minimum. In other
words,

πRank = argmin
π

m∑
t=1

K(π, πt).

The rank aggregation problem is NP-hard even if there are only four rankings [4, 9].
This problem can be reduced to the minimum feedback arc set problem as follows. Assume

that rankings π1, . . . , πm on set V of size n is an instance of the rank aggregation problem. We
build a tournament (V,w) based on these rankings, denoted by T (π1, . . . , πm), where wij =

1
m |{t ∈

{1, . . . ,m} s.t. πt(i) < πt(j)}|. Then a πFAST for (V,w) is a πRank for T (π1, . . . , πm).
The tournament T (π1, . . . , πm) satisfies the probability constraints:

wij + wji =
|{t ∈ {1, . . . ,m} s.t. πt(i) < πt(j)}|

m
+

|{t ∈ {1, . . . ,m} s.t. πt(j) < πt(i)}|
m

= 1.

Moreover, T (π1, . . . , πm) satisfies the triangle inequality constraints: for any triple of distinct
i, j, k ∈ V , and t ∈ {1, . . . ,m} if πt(i) < πt(k) then πt(i) < πt(j) or πt(j) < πt(k). Therefore,

wik =
|{t ∈ {1, . . . ,m} s.t. πt(i) < πt(k)}|

m

≤ |{t ∈ {1, . . . ,m} s.t. πt(i) < πt(j)}|
m

+
|{t ∈ {1, . . . ,m} s.t. πt(j) < πt(k)}|

m
= wij + wjk.

Pick-A-Perm is a trivial approximation algorithm for rank aggregation problem whose running
time is O(1) [2]. This algorithm simply returns one of the input rankings uniformly at random.
Let πPAP be the output of Pick-A-Perm and random variable Zij be the weight of the backward
edge between vertices i and j in πPAP . If πPAP (i) < πPAP (j), the edge (j, i) is backward and
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Zij = wji. This event happens with probability 1
m |{t ∈ {1, . . . ,m} s.t. πt(i) < πt(j)}| = wij .

Similarly, Zij = wij with probability wji. So, E[Zij ] = 2wijwji and

E[cost(πPAP )] =
∑
i<j

E[Zij ] =
∑
i<j

2wijwji. (8)

In πRank, for any pair of distinct vertices i and j, one of the edges (i, j) or (j, i) is backward. Hence,∑
i<j min(wij , wji) is a lower bound for cost(πRank). On the other hand, wijwji ≤ min(wij , wji)

because wij , wji ∈ [0, 1]. Therefore,

E[cost(πPAP )] =
∑
i<j

2wijwji = 2
∑
i<j

min(wij , wji) ≤ 2 · cost(πRank).

This implies that the approximation factor of Pick-A-Perm is 2 for the rank aggregation prob-
lem. Trivially, KwikSort(T (π1, . . . , πm)) is another 2-approximation algorithm for this problem.
Selecting the best solution among Pick-A-Perm(π1, . . . , πm) and KwikSort(T (π1, . . . , πm)) is a
11/7-approximation algorithm [2] for the rank aggregation of π1, . . . , πm.

As QuickFAST improves the efficiency of KwikSort for FAST problem, it is natural to
expect the same improvement by using the combination of Pick-A-Perm and QuickFAST for
rank aggregation problem. Our proposed algorithm for this combination, called QuickRank, is
simple and fast: With probability β it returns the result of QuickFAST, and otherwise (with
probability 1 − β) returns Pick-A-Perm. We need O(m) time to find the weight of any edge of
T (π1, π2, · · · , πm), but we do not need to compute the weights of all edges because in each level
of recursion tree at QuickFAST we only need the weights of O(V ) edges. The expected value of
recursion levels is O(log |V |). So, the expected running time of QuickRank is O(m|V | log |V |).
Instead of using randomness, we can select the best solution from Pick-A-Perm andQuickFAST.
This approach achieves an approximation factor at least as good as that of QuickRank.

Now we analyze the approximation factor of this algorithm. From equation 8, we have

E[cost(πPAP )] =
∑
i<j

2wijwji

=
∑
i<j

∑
k∈V−{i,j}

Pr
[
Ek

ij

](
Dk

ij +Dk
ji

)(
2wijwji

)
+

∑
i<j

(
1−

∑
k∈V−{i,j}

Pr
[
Ek

ij

](
Dk

ij +Dk
ji

))(
2wijwji

)
.

We define,

BPAP =
∑
i<j

∑
k∈V−{i,j}

Pr
[
Ek

ij

](
Dk

ij +Dk
ji

)(
2wijwji

)
=

∑
i<j<k

Pr
[
Ek

ij

]
µijk (9)

where,

µijk =
(
Dk

ij +Dk
ji

)
(2wijwji) +

(
Di

jk +Di
kj

)
(2wjkwkj) +

(
Dj

ki +Dj
ik

)
(2wkiwik)

and

GPAP =
∑
i<j

(
1−

∑
k∈V−{i,j}

Pr
[
Ek

ij

](
Dk

ij +Dk
ji

))(
2wijwji

)
. (10)

Then,
E[cost(πPAP )] = BPAP +GPAP .
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Lemma 4. QuickRank is an α-approximation algorithm for the rank aggregation problem if the
following two conditions hold for some β ∈ [0, 1]:

1. For any pair of distinct vertices i and j,

∆Rank(xij , wij) =
(
β(fijwji + fjiwij) + (1− β)(2wijwji)

)
− α

(
xijwji + xjiwij

)
≤ 0.

2. For any triple of distinct vertices i, j, and k,

ΩRank(xij , xjk, xki, wij , wjk, wki) =
(
β · ϕijk + (1− β)µijk

)
− α · ψijk ≤ 0.

Proof: Let πQR be the ranking which is returned by QuickRank. This algorithm with probability
β is QuickFAST and with probability 1− β is Pick-A-Perm. So,

E
[
cost(πQR)

]
= β · E

[
cost(πQF )

]
+ (1− β)E

[
cost(πPAP )

]
.

If Condition 1 holds, then from equations 3, 10, and 5, we have

β · E
[
GQF

]
+ (1− β)E

[
GPAP

]
≤ α ·GLP .

If Condition 2 holds, then from equations 2, 9, and 4, we have

β · E
[
BQF

]
+ (1− β)E

[
BPAP

]
≤ α ·BLP .

Therefore,

E
[
cost(πQR)

]
= β · E

[
cost(πQF )

]
+ (1− β)E

[
cost(πPAP )

]
= β

(
E
[
BQF

]
+ E

[
GQF

])
+ (1− β)

(
E
[
BPAP

]
+ E

[
GPAP

])
= β · E

[
BQF

]
+ (1− β)E

[
BPAP

]
+ β · E

[
GQF

]
+ (1− β)E

[
GPAP

]
≤ α ·BLP + α ·GLP = α · CLP ≤ α ·OPT.

2

By the same proof as the proof of Lemma 2, it can be concluded that if in QuickRank algorithm
fij = h(wij), the first condition of Lemma 4 holds for α = 1.45, and β = 0.55. But to prove the
second condition of Lemma 4 like the formal proof of Lemma 3, we must provide a restriction for
the domain of ΩRank like what we did for the domain of ΩFAST . However, because of the more
algebraic complexity of this function it is too complicated to do this. We informally, checked the
correctness of this condition using a computer program and checking all points on a sufficiently
fine-grained grid. So, we claim the result as a conjecture.

Conjecture 1. QuickRank algorithm with β = 0.55 is a 1.45-approximation algorithm for the rank
aggregation problem.

While the focus of this work is on establishing theoretical bounds for worst-case inputs, we
also provide an open-source benchmarking suite. The implementation, which generates random
tournaments and compares the average-case empirical performance of QuickFAST against existing
algorithms, is publicly accessible at: https://github.com/mojtabaOstovari/FAST-Benchmarking.
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A Proof of Lemma 3

We will show that the maximum value of ΩFAST onDT (Ω) = D1∪D2∪D3 is less than or equal to 0.
Table 2 shows the values of ΩFAST on D3 which are less than or equal to 0. We used function h as
the rounding function. Thus ΩFAST is a piecewise function, and we need to compute the maximum
value on each piece separately on D1 and D2. In the following, you can see the maximum value of
ΩFAST on D1 and D2 when (wij , wjk, wki) ∈ Ia × Ib × Ic for any a, b, c ∈ {1, 2, 3}.

� If (wij , wjk, wki) ∈ I1 × I1 × I1:

1. On D1:

ΩFAST =
10wij

3
+

10wjk

3
− 3 argmax = (

1

3
,
1

3
) max = −7

9

2. On D2: There is no point with these conditions.

� If (wij , wjk, wki) ∈ I1 × I1 × I2:

1. On D1:

ΩFAST = 2w2
ij + 4wijwjk − 2wij + 2w2

jk − 2wjk − 1

3
argmax = (0,

1

3
) max = −7

9

2. On D2: There is no point with these conditions.

� If (wij , wjk, wki) ∈ I1 × I1 × I3:
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1. On D1:

ΩFAST =
8wij

3
+

8wjk

3
− 5

3
argmax = (0,

1

3
) max = −7

9

2. On D2: There is no point with these conditions.

� If (wij , wjk, wki) ∈ I1 × I2 × I1:

1. On D1:

ΩFAST = −10wijwjk +
20wij

3
− 8w2

jk + 13wjk − 16

3

argmax = (
1

3
,
29

48
) max = − 55

288

2. On D2: There is no point with these conditions.

� If (wij , wjk, wki) ∈ I1 × I2 × I2:

1. On D1:

ΩFAST = −30w2
ijwjk + 12w2

ij − 30wijw
2
jk + 45wijwjk − 37wij

3
+ 15w2

jk − 40wjk

3
+ 2

argmax = (0,
2

3
) max = −2

9

2. On D2: There is no point with these conditions.

� If (wij , wjk, wki) ∈ I1 × I2 × I3:

1. On D1:

ΩFAST =
8wij

3
− 8w2

jk +
16wjk

3
− 5

3
argmax = (0,

1

3
) max = −7

9

2. On D2:

ΩFAST =
8wij

3
− 8w2

jk +
40wjk

3
− 7 argmax = (

1

3
,
2

3
) max = −7

9

� If (wij , wjk, wki) ∈ I1 × I3 × I1:

1. On D1:

ΩFAST =
2wjk

3
− 2

3
argmax = (0, 1) max = 0

2. On D2: There is no point with these conditions.

� If (wij , wjk, wki) ∈ I1 × I3 × I2:
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1. On D1:

ΩFAST = −8w2
ij − 6wijwjk +

25wij

3
+ 2w2

jk +
7wjk

3
− 8

3

argmax = (0,
2

3
) max = −2

9

2. On D2:

ΩFAST = −8w2
ij − 6wijwjk +

49wij

3
+ 2w2

jk +
wjk

3
− 17

3

argmax = (
1

3
, 1) max = −7

9

� If (wij , wjk, wki) ∈ I1 × I3 × I3:

1. On D1: There is no point with these conditions.

2. On D2:

ΩFAST =
8wij

3
− 5

3
argmax = (

1

3
, 1) max = −7

9

� If (wij , wjk, wki) ∈ I2 × I2 × I1:

1. On D1:

ΩFAST = 30w2
ijwjk − 18w2

ij + 30wijw
2
jk − 61wijwjk +

80wij

3
− 18w2

jk +
80wjk

3
− 10

argmax = (
1

2
,
1

2
) max = − 1

12

2. On D2: There is no point with these conditions.

� If (wij , wjk, wki) ∈ I2 × I2 × I2:

1. On D1:

ΩFAST = −30w2
ijwjk + 15w2

ij − 30wijw
2
jk + 45wijwjk − 40wij

3
+ 15w2

jk − 40wjk

3
+ 2

argmax = (
1

3
,
1

3
) max = −7

9

2. On D2:

ΩFAST = −30w2
ijwjk + 15w2

ij − 30wijw
2
jk + 75wijwjk − 85wij

3
+ 15w2

jk − 85wjk

3
+

26

3

argmax = (
2

3
,
2

3
) max = −2

9

� If (wij , wjk, wki) ∈ I2 × I2 × I3:
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1. On D1: There is no point with these conditions.

2. On D2:

ΩFAST = 30w2
ijwjk − 18w2

ij + 30wijw
2
jk − 71wijwjk +

101wij

3
− 18w2

jk +
101wjk

3
− 46

3

argmax = (
2

3
,
2

3
) max = −2

9

� If (wij , wjk, wki) ∈ I2 × I3 × I1:

1. On D1:

ΩFAST = 2w2
ij −

2wij

3
+

2wjk

3
− 2

3
argmax = (

1

3
,
2

3
) max = −2

9

2. On D2:

ΩFAST = 2w2
ij −

8wij

3
+

2wjk

3
argmax = (

2

3
, 1) max = −2

9

� If (wij , wjk, wki) ∈ I2 × I3 × I2:

1. On D1: There is no point with these conditions.

2. On D2:

ΩFAST = −30w2
ijwjk + 15w2

ij − 30wijw
2
jk + 75wijwjk − 85wij

3
+ 12w2

jk − 70wjk

3
+

20

3

argmax = (
2

3
,
5

6
) max = 0

� If (wij , wjk, wki) ∈ I2 × I3 × I3:

1. On D1: There is no point with these conditions.

2. On D2:

ΩFAST = 2w2
ij + 10wijwjk − 7wij −

10wjk

3
+

4

3
argmax = (

29

48
,
35

48
) max = − 55

288

� If (wij , wjk, wki) ∈ I3 × I3 × I1:

1. On D1: There is no point with these conditions.

2. On D2:

ΩFAST =
2wij

3
+

2wjk

3
− 4

3
argmax = (1, 1) max = 0

� If (wij , wjk, wki) ∈ I3 × I3 × I2:

1. On D1: There is no point with these conditions.
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2. On D2:

ΩFAST = −8w2
ij − 16wijwjk + 24wij − 8w2

jk + 24wjk − 18

argmax = (
3

2
− wjk, wjk) max = 0

� If (wij , wjk, wki) ∈ I3 × I3 × I3:

1. On D1: There is no point with these conditions.

2. On D2:

ΩFAST =
10wij

3
+

10wjk

3
− 14

3
argmax = (

2

3
,
2

3
) max = −2

9

(wij , wjk, wki) ΩFAST

(0, 0, 1) -5/3
(0, 1/3, 2/3) -7/9
(0, 1/3, 1) -5/3
(0, 2/3, 1/3) -2/9
(0, 2/3, 2/3) -5/3
(0, 2/3, 1) -5/3
(0, 1, 0) 0
(0, 1, 1/3) 0
(0, 1, 2/3) -5/3
(0, 1, 1) -5/3
(1/3, 1/3, 1/3) -7/9
(1/3, 1/3, 2/3) -7/9
(1/3, 1/3, 1) -5/3
(1/3, 2/3, 0) -2/9
(1/3, 2/3, 1/3) -2/9
(1/3, 2/3, 2/3) -7/9
(1/3, 2/3, 1) -7/9
(1/3, 1, 0) 0
(1/3, 1, 1/3) 0
(1/3, 1, 2/3) -7/9
(2/3, 2/3, 0) 0
(2/3, 2/3, 1/3) -2/9
(2/3, 2/3, 2/3) -2/9
(2/3, 1, 0) 0
(2/3, 1, 1/3) -2/9
(1, 1, 0) 0

Table 2: The values of ΩFAST on (1, 1, 0, wij , wjk, wki) ∈ D3.
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