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Abstract. Flip graphs encode the structure of feasible transformations between
combinatorial objects, making them a fundamental tool in reconfiguration problems.
Tree graphs, which are flip graphs whose nodes represent the spanning trees of a graph,
have received significant attention due to their algorithmic and structural properties. In
this paper, we introduce new variations of tree graphs by restricting the spanning trees
to shortest path trees, breadth-first search (BFS) trees, and depth-first search (DFS)
trees. We prove that shortest path tree graphs are hamiltonian. Given any graph G, we
present an algorithm that finds a hamiltonian cycle in its corresponding shortest path
tree graph. We show that BFS-tree graphs and DFS-tree graphs are not necessarily
connected. We establish some necessary conditions for the connectivity of BFS-tree
and DFS-tree graphs. We provide an optimal linear-time algorithm for reconfiguration
in shortest path tree graphs. Finally, we derive some bounds on the chromatic numbers
of these new variations of tree graphs.

1 Introduction

Let C be a set of combinatorial objects. The flip graph of C is a graph whose nodes correspond to
the objects in C, with an edge between two nodes if their corresponding objects can be transformed
into each other via a predefined flip operation which is typically a small local change of the object.
Flip graphs have numerous applications [5], including graph recoloring, robot motion planning, and
data structure reconfiguration, where they model feasible transformations between different states.
As a result, they have been extensively studied, with a particular focus on their graph-theoretic
properties, such as hamiltonicity [4, 8, 10, 20, 22, 24, 29], Eulerianity [27], connectivity [23, 25, 26],
diameter [2, 5, 19], and chromatic number [15, 17]. From an algorithmic perspective, flip graphs
are closely related to reconfiguration problems. These problems ask whether one can convert an
initial feasible configuration into a target feasible configuration through a sequence of steps, where
each step adheres to a reconfiguration rule, ensuring that every intermediate configuration remains
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feasible. A broad range of reconfiguration problems has been studied in the literature for graph-
theoretic structures, see [3, 7, 12, 21, 28].

Among the various types of flip graphs, those defined on spanning trees are commonly known
as tree graphs. The tree graph of a connected graph G, denoted by T(G), is a graph whose nodes
correspond to the spanning trees of G. Two distinct spanning trees, 77 and T5, are adjacent
in T(G) if there exist edges e1, e € E(G) such that (T1 N e1)+ ez = To. A well-known result states
that for any graph G and any edge e € E(T(G)), there exists a hamiltonian cycle in T(G) that
contains e [10, 22, 24, 29]. Moreover, similar hamiltonicity results have been shown for restricted
variants of tree graphs, where the underlying graph G is restricted to a specific graph class and
the allowed edge flips follow additional constraints [4, 8]. In addition to their hamiltonicity, tree
graphs have also been studied with respect to their connectivity [26], chromatic number [15], and
in the context of reconfiguration problems [7].

Motivated by the study of tree graphs, we introduce new variations. Given a graph G, we
define the shortest path tree graph, the BFS-tree graph, and the DFS-tree graph, by restricting the
spanning trees to shortest path trees, BFS-trees, and DFS-trees of G, respectively. For a graph G
with r € V(G), a tree T is a BFS-tree (respectively, DFS-tree) of G rooted at r if it can be obtained
by running a breadth-first search (respectively, depth-first search) on G starting at r. For every
vertex v in G, let dg(r,v) denote the length of the shortest path from r to v. A spanning tree T
is a shortest path tree of G rooted at r if, for every vertex v, we have dr(r,v) = dg(r,v). Every
BFS-tree of G rooted at r is a shortest path tree, but the converse is not necessarily true. Figure 1
illustrates four shortest path trees of a graph G rooted at r € V(G): the first two (from left to
right) are BFS-trees, while the last two are not.

The main results of this paper are as follows. We first prove that the shortest path tree graph
of any connected graph is hamiltonian (Theorem 1) and that one such hamiltonian cycle can be
found using our algorithm (Theorem 2). We then present an optimal linear-time algorithm for
determining the shortest sequence of edge flips required to transform a shortest path tree T; into
another shortest path tree T} of a graph G. This transformation guarantees that every intermediate
tree is also a valid shortest path tree of G (Theorem 4). We also establish necessary conditions
for the connectivity of BFS-tree graphs (Theorem 5) and provide bounds on the chromatic number
of shortest path tree graphs (Proposition 1). Finally, we prove a necessary condition for the
connectivity of DFS-tree graphs (Theorem 6) and derive an upper bound on their chromatic number
(Proposition 3).

The main technical contributions of this paper concern shortest path tree graphs. In particular,
Theorem 1 shows that SPT(G,r) is hamiltonian for every connected graph G, with |[V(G)| = n,
|E(G)| = m, and |V (SPT(G,r))| = N. Theorem 3 gives an explicit O(n +m + N)-time algorithm
for finding a hamiltonian cycle of SPT(G, ), and Theorem 4 gives an optimal linear-time algorithm
for finding a shortest reconfiguration sequence between two shortest path trees. Our results on
BFS-tree graphs and DFS-tree graphs are of a different nature. Theorem 5 and Theorem 6 give
necessary conditions for connectivity, and Example 4 shows that the condition in Theorem 6 is not
sufficient. Together, these results show a clear difference between shortest path tree graphs and
the corresponding BFS-tree and DFS-tree graphs. While shortest path tree graphs always admit
strong reconfiguration properties, BFS-tree and DFS-tree graphs can already fail to be connected
on simple examples. The chromatic number bounds in Proposition 1 and 3 provide additional
structural information about these graph classes.
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Figure 1: Some examples of shortest path trees, where the dashed edges represent the non-tree
edges. Non-tree edges belong to the graph and are not part of the spanning tree.

2 Preliminaries

For graph-theoretic notation and definitions not defined in this paper, we refer the reader to [6].
Unless specified otherwise, G is assumed to be a connected graph with vertex set V(G) and edge
set E(G). Throughout this paper, r € V(G) serves as the root of the shortest path trees, the BFS-
trees, and the DFS-trees of G. For an edge e = uv € E(G), we refer to u and v (with u,v € V(G))
as the endpoints of e. For two distinct vertices u,v € V(G), we define the distance between u and
v in G, denoted by dg(u,v), as the minimum number of edges in any path connecting v and v. A
path in G whose number of edges realizes dg(u,v) is called a shortest path between u and v, and
we arbitrarily denote one such shortest path by S(G,u,v). For a vertex v € V(G), the eccentricity
of v is defined as eg(v) = max,cv(g) da(u,v). Moreover, deg;(v) and Ng(v) denote the degree
and the set of neighbours of v in G, respectively (with |Ng(v)| = degs(v)). For a graph G, we
denote the maximum degree over its vertices by A(G). For two graphs G and H, we write G = H
if G is isomorphic to H.

Definition 1. A spanning tree T of G is a shortest path tree of G rooted at r € V(G) if for all
u € V(G), we have dr(r,u) = dg(r,u).

Notation 1. Let G be a connected graph with r € V(G). For a non-negative integer i, the i-th BFS
layer of G (denoted by L;(G,1)) is the set of vertices at distance i from r in G. The collection of
all L;’s is referred to as the BFS layering of G.

When the context is clear, we may sometimes drop r from the above notation and denote the
vertices in the i-th BFS layer rooted at r by L;(G). If two vertices u and v are adjacent in G, then
they either belong to the same BFS layer, or they belong to two consecutive BFS layers.

Notation 2. We define the outgoing and the incoming neighbourhood of a vertex v € V(G) as
follows.

1. If ve Li(G,r) for some i >0, then Nyy(v) = Ng(v) N Lix1(G,r).
2. If ve Li(G,r) for some i >0, then Ny, (v) := Ng(v) N Li_1(G,r).

We generalize Notation 2 to sets of vertices and for a set S C V(G), we define Nj,(S) =

Uves Nin(v) and Nowi(S) = U, cg Nout (v).
A shortest path tree T of G is a BFS-tree of G if it can be obtained by applying the standard
implementation of the breadth-first traversal to G starting at r (see [9, Section 22.2]).

Definition 2. We formally define shortest path tree graphs and BFS-tree graphs as follows.
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e The BFS-tree graph, denoted by BFST(G, r), is defined as the graph whose nodes correspond
to all BFS-trees of G rooted at r. Two BFS trees T} and T are adjacent in BFST(G,r) if
there exist edges e; and es in F(G) such that (77 N\ e1) + ez = T. In this case, e; and ey
are called flippable.

e The shortest path tree graph, denoted by SPT(G,r), is defined as the graph whose nodes
correspond to all shortest path trees of G rooted at r. Two shortest path trees T and 75 are
adjacent in SPT(G, r) if there exist edges e; and ey in E(G) such that (11 \ e1) + ez = To.
In this case, e; and es are called flippable.

Example 1. For the graph G depicted in Figure 1, Figure 2 depicts SPT(G, r) and BFST(G,r). As
depicted in Figure 2(b), BFST(G, r) consists of two degree-zero nodes and is therefore disconnected.
However, the shortest path tree graph is a hamiltonian cycle of length 4, see Figure 2(a). In this
paper, we show that shortest path tree graphs are always hamiltonian and therefore connected
(Section 3.1, Theorem 1). Moreover, we show necessary conditions for the connectivity of BFS-tree
graphs (Section 3.4, Theorem 5).

(a) SPT(G,r) (b) BFST(G, r)

Figure 2: An example of the graph G of Figure 1 along with its shortest path tree graph (a) and
its BFS-tree graph (b).

We also study the properties of the depth-first search tree graphs (DFS-tree graphs). Along
with BFS, DFS is an important graph traversal algorithm, enabling efficient algorithms for many
graph problems [16]. Performing a DFS traversal on a graph G generates a spanning tree T of G,
referred to as a DFS-tree. Before formally defining DFS-trees, note that every spanning tree T' of
a graph G gives us a partition of E(G) into two classes, the set of tree edges E(T) and the set
of non-tree edges E(G) ~\ E(T). In addition, every rooted spanning tree T of G defines a partial
order < on V(G):

x =y if the unique tree path between y to the root of T includes x

In order to prove our results for DFS-tree graphs, we use the comparability of the endpoints of
its non-tree edges. For a spanning tree T of G rooted at r € V(G), we say that two vertices
u,v € V(G) are comparable if w < v or v < u. Furthermore, T is a Trémaux spanning tree or a
normal spanning tree [11, 14] of G if the endpoints of every non-tree edge in T' are comparable. It
is well known in the literature that DFS-trees and normal spanning trees are equivalent, and that
a depth-first traversal of G starting at r € V(G) always results in a normal spanning tree of G
rooted at r (see [14] or Exercise 29 in Chapter 1 of [13]). By definition, normal spanning trees can
be rooted at multiple vertices, as stated below.
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Definition 3. Let T be a spanning tree of G with {t1,%2} C V(G). We say T is a normal spanning
tree or a DFS-tree simultaneously rooted at t, and ts if the endpoints of every non-tree edge of T
are comparable with both ¢; and ¢ as the root.

Definition 3 may seem counterintuitive from an algorithmic perspective, as it allows a DFS-tree
to be rooted at multiple vertices. Nonetheless, it is well-defined from a graph-theoretic standpoint
and will later prove useful in establishing our results. We now formally define DFS-tree graphs as
follows.

Definition 4. The DFS-tree graph, denoted by DFST(G, r), is a graph whose nodes correspond to
all DFS-trees of G rooted at r. Two DFS-trees T; and T are adjacent in DFST(G, r) if there exist
edges e1, e € E(G) such that (71 \ e1) + e = T5. In this case, the edges e; and ey are said to be

flippable.

We return to our running example of Figure 1 to provide an example of a DFS-tree graph.

Example 2. For the graph G depicted in Figure 1, Figure 3 depicts DFST(G, r). In this example,
DFST(G, r) is disconnected. We show necessary conditions for the connectivity of DFST(G,r) in
Section 4.1 (Theorem 6).

Figure 3: An example of a DFS-tree graph for the graph G of Figure 1.

3 Shortest Path Tree Graphs and BFS-Tree Graphs

3.1 Hamiltonicity of Shortest Path Tree Graphs

In this section, we show that for any connected graph G, SPT(G, r) is hamiltonian. Let C,, denote
a cycle on m vertices and let K,, be the complete graph on n vertices. A graph is Hamiltonian if it
contains a cycle that visits every vertex exactly once. For completeness, we also consider K; and
K5 to be Hamiltonian. Let G and H be two graphs. The Cartesian product of G and H, denoted
by GOH, is the graph with vertex set V(G) x V(H), where two vertices (u1,v1) and (ug,vs) are
adjacent if and only if u; = us and vivy € E(H), or v1 = vy and ujus € E(G). The following
result was shown by Foregger [18].

Lemma 1. [18, Theorem 1] The following statements are true.
(i) Let m,n > 3 be two integers. The Cartesian product of two cycles C,,0C,, is hamiltonian.
(ii) H1OH, is hamiltonian, where Hy and Hy are each isomorphic to K1 or K.

In the following lemma, we describe a procedure to find one such hamiltonian cycle. This
procedure will later be used to find a hamiltonian cycle in SPT(G, ).
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Lemma 2. For any two integers n,m > 2, there exists a procedure to find a hamiltonian cycle in
H=C,00C,.

Proof: We show that there always exists a hamiltonian cycle in H following a specific pattern. H
consists of n subgraphs Hy, ..., H, with H; = C,, for all 4, such that V(H,),...,V(H,) defines a
partition of V(H). For each i € {1,...,n}, let v; ; denote the j-th vertex on the cycle C,, of H;.
Without loss of generality, suppose that we have v; jv;41; € E(H) for every 1 < ¢ <n—1 and
1 <7 < m. Construct a cycle in the following way (see Figure 4).

1. Start at vy1, and visit v 1,...,vy,,1 in the same order.
2. After arriving at vy, 1, visit v, 2,V5.3,...,Un,m in the same order. Then, visit v,—1,, and go
to Step 3.
3. Suppose we arrive at v; 2 or v; , for some i € {1,...,n —1}.
(i) If we arrive at v; 2, then visit v; 3,..., 0, in the same order. If 4 = 1, then visit vy 1

and finish the cycle. Otherwise, visit v;_1 ,, and go back to Step 3.

(ii) If we arrive at vj u,, then visit v; ;m_1,...,v; 2 in the same order. If ¢ = 1, then visit vy 1
and finish the cycle. Otherwise, visit v;_1 2 and go back to Step 3.

We now show that the described procedure generates a hamiltonian cycle. Observe that this
procedure visits each vertex exactly once, because vertices v; 1 for ¢ € {1,...,n} are all visited
once in Step 1, and never visited again in Step 2 or Step 3. For any other vertex v;; with
1€{l,...,n} and j € {2,...,m}, we visit it exactly once either through Step 2, Step 3(i), or Step
3(ii) in the descending order of i. Finally, we start the cycle at v1 1 (Step 1), and also end it at v1 1
either through vy ,,, (Step 3(i)) or v1,2 (Step 3(ii)). Therefore, this procedure finds a hamiltonian

cycle of C,,00C,,. a
V1,1 V21 U3.1 V1,1 V21 U3,1 V4.1
V1,2 V929 V3,2 V1,2 U2 2 V3,2 V4,2
V1,3 V2.3 V3,3 V1,3 V23 V3,3 V4,3

(a) (b)
Figure 4: An example of the procedure of Lemma 2 for C30C5 (a) and C400C5. The edges of
the hamiltonian cycle are depicted in red. For convenience, some edges of the graphs have been
omitted from the figure.

We now show our first result.

Theorem 1. SPT(G,r) is hamiltonian.
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Proof: For convenience, we denote K7 and K5 by C7 and Cy, respectively. We prove this theorem
by induction on |V (G)].

Base Step: When |V (G)| =1, SPT(G, ) is a single node and thus hamiltonian.

Induction Step: Suppose that Theorem 1 holds for any graph with fewer than n > 1 vertices
and G is an n-vertex connected graph with r € V(G). Let v € V(G) be a vertex in the last BFS
layer (recall Notation 1).

Let T be any shortest path tree of G rooted at r. Since v is in the last BFS layer of G, it must be
a leaf of T. Therefore, T'\ v is connected, implying that G \ v is also connected. Moreover, by
the inductive hypothesis, SPT(G \ v, r) is hamiltonian. Let N denote the number of shortest path
trees of G \ v rooted at 7. Let d = |Nj,(v)| (see Notation 2) and e; = vjv for all j € {1,...,d}
(with Ny, (v) = {v1,...,v4}).

Observation 1. Let {T1,...,Tn} = V(SPT(G \ v,r)) be the shortest path trees of G \ v rooted
at r. Then, the shortest path trees of G rooted at r correspond to the set

{T;Ve; | T; € V(SPT(G \v,7)) and 1 < j <d}.

We partition the shortest path trees of G into d sets as follows. For every 1 < j < d, define S
as the set of all shortest path trees of G (rooted at r) that contain the edge e; as a tree edge.
By Observation 1, we have U?ZlSj = V(SPT(G,r)) and the sets Si,...,Sy define a partition
of V(SPT(G,r)). For each S;, we have S; = {T1 Ue;,..., Ty Ue;}, where T1,...,Ty are the
shortest path trees of G \ v rooted at r.

We introduce some notation: let H be any graph with X C V(H), then H[X] denotes the

subgraph of H induced by X. We show the following claim.
Claim 1. SPT(G,r) has K;OCN as a spanning subgraph.

Proof: We first show that for any set S; in the defined partition, we have SPT(G,r)[S;] =
SPT(G~w,r). Let S; = {T1Ue;,..., Ty Ue;}. If two trees T; and T} are adjacent in SPT(G \v,r),
then T; Ue; and T; U e; are adjacent in SPT(G,r). Conversely, if T, Ue; and T; U e; are adjacent
in SPT(G, r), then we must have |E(T;) \ E(Ty)| = 1 and T; and Ty are adjacent in SPT(G \ v, 7).

Partition the shortest path trees of SPT(G, r) into d sets Si,. .., Sy as stated in Observation 1.
From the first part of this proof, we know that for every j, SPT(G,r)[S;] = SPT(G \ v,r). By the
inductive hypothesis, SPT(G, r)[S;] has Cy as a spanning subgraph for every j.

Let Sy and S; be any two of these sets (with Sy # ;). For any T, € V(SPT(G \ v,r)), we
have T;Uey, € S, and TyUe; € S;. Furthermore, T;Uey, and TyUe; are adjacent in SPT(G, ) as they
differ by exactly one edge. Since this analysis applies to any Sy, S;, and Ty € V(SPT(G \ v,7)),
we can see that SPT(G,r) has K4OCx as a spanning subgraph because for each j, SPT(G,7)[S;]
has Cy as a spanning subgraph (see Figure 5 for a depiction). a

By Claim 1, SPT(G,r) has K4OCy as a spanning subgraph. If d > 3, then K, contains a
spanning cycle Cy, and hence K4O0Cy contains Cy0Cy as a spanning subgraph. By Lemma 1(i),
C30CYy is hamiltonian, and therefore SPT(G,r) is hamiltonian. If d € {1,2}, then K; = Cy, and
thus K;OCy =2 Cy0Cy. In this case, the result follows from Lemma 1(ii) (and the convention
that C; = Ky and Cy = K5). This completes the proof.

O
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Ti Uey T L’J)Gd

[ ol
T, U ey T5 Ues
A
T U ey 27 ' '
' U edo—I-—;— Tn_1Ueq
U—l_:"

Tn-1Uey

- O m—

Ty_1Ues

Figure 5: SPT(G,r) has K40C as a spanning subgraph. Each S; has Cy as a spanning subgraph.
The edges within each S; have been depicted in black, and the edges between two distinct sets S;
and S; have been depicted in gray. For readability, only a P;JCx was drawn in this figure, where
P, is a path on d vertices.

3.2 An Algorithm for Finding a Hamiltonian Cycle in SPT(G, )

Given a connected graph G, in this section we present an O(m + n 4+ N)-time algorithm to find
a hamiltonian cycle in SPT(G, r), where n = |V(G)|, m = |E(G)|, and N = |V(SPT(G,r))|. For
convenience, we assume C7 = K7 and Cs =2 K> in the remainder of this section.

For the sake of simplicity, we describe our algorithm in two parts. The rest of this section
is organized as follows. Section 3.2.1 describes an O(nN)-space data structure D for storing the
shortest path trees of G. Using the procedure of Lemma 2 and the data structure of Section 3.2.1,
we present an O(m + nN)-time algorithm in Section 3.2.2 and prove its correctness. Later in
Section 3.2.3, we briefly explain that the data structure D can be compressed into another data
structure D’ of size O(n + N + M), using which the time complexity of our algorithm can be
improved to O(n + N + m) (Theorem 3).

3.2.1 A Data Structure for Storing the Shortest Path Trees

We describe a data structure motivated by the induction step in the proof of Theorem 1. Recall
that for any vertex v in the last BFS layer of G and any shortest path tree T of G, T'\ v is a
shortest path tree of G\ v. Consider any breadth-first search traversal of G, and let f be a function
f:V(G) = {1,...,n}, where n = |V(G)|. For each u € V(G), u is the f(u)-th vertex visited
during this traversal. This labeling by f defines a total order on V(G) such that f(vy) < --- < f(vp)
with V(G) = {v1,...v,}. In the remainder of this section, we assume V(G) = {v1,...,v,} with
vy = r and f(v1) < -+ < f(vy). These correspond to the order in which the vertices are first
visited in a breadth-first search traversal. In any such ordering, all vertices in an earlier BFS layer
receive smaller numbers than all vertices in a later BFS layer, while the order of the vertices within
the same layer may be arbitrary.

We now describe our data structure, denoted by D. D is a tree with n layers whose root and
leaves are in layers 1 and n, respectively. Moreover, the nodes and the edges of D are defined as
follows.

(i) For each 1 < ¢ < n, define Vy = {v1,...,v}.
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(ii) The nodes in each layer 1 < ¢ < n of D correspond to the shortest path trees of G[Vy].

(iii) Let 2 < £ < n and let u be a node in layer ¢ of D corresponding to a shortest path tree T'
of G[Vy]. The parent of u in layer £ — 1 of D is a node corresponding to shortest path tree
T~ Vp of G[V4,1].

Example 3. For the graph G depicted in Figure 6(a) on five vertices with f(v1) < f(va) <
f(vs) < f(vg) < f(vs), where f(v;) =i and v; = r, the corresponding data structure D is depicted
in Figure 6(b). D has five layers. In the first layer lies the root of D, which is the unique shortest
path tree Ty of G[{v1}] with T1 & K; and 71 = v; = r. The nodes in the fifth layer of D correspond
to the shortest path trees of G. Notice how each node in any layer 1 < ¢ < 4 has exactly |Niy(vet1)]
children.

The following observation follows from the definition of D.

Observation 2. Let G be any n-vertex graph, and let D be as described. Then, any node u in
layer € of D has exactly | Ny (vey1)| children for 1 <€ <mn—1.

T, =re V(SPT(GW1], 7))

TQ = T1 Ueg V(SPT(G[VQ] 7))

Ty =TyUey V(SPT(G[Vs], 7))
=11
€1 €2
V(SPT(G[V4],T))
U2 U3
€3 €6
V(SPT(G[Vs),r
V4 (3 Ts =Ty Uey Tn=TiUes Ty =T;Uey TQ:T;,U(g(; (Gl m)
(a) G (b) D

Figure 6: An example of a graph G (a) and its corresponding data structure D (b).

In the next lemma, we describe how to construct D.

Lemma 3. Let n = |[V(G)|, m = |E(G)|, and N = |V(SPT(G,r))|. D can be constructed in
O(m +nN) time and it can be stored in O(nN) space.

Proof: By Observation 2, we can deduce that D can have many nodes with exactly one child,
possibly resulting in long paths. Therefore, D has at most O(nN) nodes. We use a breadth-first
search of G in O(n + m) time to calculate f(v) for all v € V(G). Moreover, we can also compute
L;(G) for all i, and N, (v) for all v in O(n+m) time. We can store N, (v) for all v in an adjacency
list that requires O(n + m) space, and for each vertex v, we store | Ni,(v)| for an additional O(1)
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space per vertex. Finally, we can find the ordering vy,...,v, with f(v1) < --- < f(v,) without
having to sort the vertices. To do so, every time a new vertex is visited in the breadth-first traversal,
we store it in an array of size n such that vy can be retrieved in O(1) time for all £ € {1,...,n}.
D can then be constructed in a top-down manner. For the first layer, we store V1 = {v;} and add
a root to D. This root corresponds to the unique shortest path tree of G[V;].

To construct D in a top-down manner after designating a root, let u be any node in layer
1<f<n-10of D, and let {vsr1} = Ver1 \ Ve (recall that veq1 can be retrieved in O(1) time). By
Observation 2, u must have d children in D, where d = | Ny, (vet1)|. Let Nin(ver1) = {v1,...,v4}
and e; = vjue € E(G) for all j € {1,...,d}. Recall that u must correspond to a shortest path
tree T of G[Vy]. We assign d children to u in D corresponding to shortest path trees TUey, ..., TUeq
of G[Ve4+1]. This step enumerates all shortest path trees of G[Vy41]. For each newly added node
T Ue; in layer £+ 1, we store e; for a constant amount of space per node of D. Given any node
«’ in layer £+ 1 of D, its corresponding edge e; can be retrieved in O(1) time (see Figure 6 for an
example of these edges). a

3.2.2 An Algorithm

We now present an algorithm for finding a hamiltonian cycle in SPT(G, r). The algorithm (SPTG_-HAMIL)
is described in Algorithm 1. Instead of explicitly listing all shortest path trees on the hamiltonian
cycle, SPTG_HAMIL outputs only the first tree on the cycle and a sequence of N edge flips that
transform each tree into the next. See Line 3 of SPTG_HAMIL for details.

SPTG_HAMIL (in Line 4) first constructs D using the procedure of Lemma 3. Then, through
the loop in Line 6 to Line 9, SPTG_HAMIL constructs a hamiltonian cycle of SPT(G[V,],r) for
each layer ¢ € {1,...,n} of D. The hamiltonian cycle of SPT(G[V],r) is constructed using the
procedure of Lemma 2 based on the hamiltonian cycle of SPT(G[V,_1],r), with the base case being
SPT(GV1],7) (which is isomorphic to K7).

Algorithm 1

1: procedure SPTG_HAMIL

2: Input: A graph G

3: Output: A hamiltonian cycle in SPT(G,r) in the following format: A shortest path tree 77 of G and N
tuples (e, ¢€}), ..., (en,ely) such that for all j, {e;,e};} € E(G). The hamiltonian cycle is T1,. .., Tn+1, where
T =TNt1 and T] = (Tj,1 N 6]',1) + 6;71 for all 7> 1.

4 Construct D (Lemma 3).

5: Store the root of D as the hamiltonian cycle for SPT(G[V1],7) (note that SPT(G[W],r) = K;).

6: for each £ € {2,...,n} do

7: Find and store a hamiltonian cycle of SPT(G[V,],r) based on the hamiltonian cycle of SPT(G[V,—1],7)
(see Lemma 2)

8: For each tree on the hamiltonian cycle of SPT(G[Vy], r), store its corresponding node in layer £ of D. For
every two consecutive trees on this cycle, store the corresponding edge flip (e, e’) (see Line 3).
9: end for

10: For the hamiltonian cycle of SPT(G[V,],r) = SPT(G,r), find the corresponding shortest path tree of the
first node on the cycle (Claim 2). Return the first shortest path tree, along with all other edge flips.
11: end procedure

We first prove the correctness of SPTG_HAMIL through the following lemma.

Lemma 4. For any layer £ € {1,...,n} of D, SPTG_-HAMIL finds a hamiltonian cycle of
SPT(G[V¢],r). Moreover, for any two consecutive nodes on this cycle, SPTG_-HAMIL finds the
corresponding edge flip (e,e’) with {e,e'} C E(G).
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Proof: We prove this claim by induction on /.

Base Step: When ¢ = 1, the root of D corresponds to the unique shortest path tree of G[V;] and
the claim trivially holds.

Induction Step: Let 2 < ¢ < n and let T, ..., Tn+ be a hamiltonian cycle of SPT(G[V,_1], 7). By
the inductive hypothesis, the algorithm has correctly found the corresponding node in layer £ — 1
to each tree T; on this cycle. Moreover, for any two consecutive nodes of this hamiltonian cycle,
the algorithm has correctly computed the corresponding edge flip (e,e’) with {e, e’} C E(G).

For each shortest path tree T; of G[Vy—1] (with i € {1,..., N'}), let u; denote its corresponding
node in layer £ — 1 of D. Furthermore, let u; ; denote the node in layer ¢ corresponding to the
shortest path tree T; Ue; of G[Vy] for j € {1,...,d}, where d = | Ni(v¢)| with {ve} =V N V1.

Since T1,..., Ty is a hamiltonian cycle in SPT(G[V,_1],7), trees Ty Ue;j,..., Ty Ue; (corre-
sponding to nodes uy j,...uns; of D) form a cycle in SPT(G[V],r). We can now construct the
hamiltonian cycle of SPT(G[V,], ) using the procedure of Lemma 2. When constructing the cycle,
if we arrive at u; ; from w; ;» (j # j'), we designate (e;, e;/) as the corresponding edge flip on the
cycle. Otherwise, if we arrive at u; ; from w;y ; (¢ # '), we designate the edge flip between u;
and u; as the edge flip tuple between u; ; from uy ;. By the inductive hypothesis, the edge flip
between u; and wu; has been correctly computed in the hamiltonian cycle of SPT(G[Vy—1],7). O

An example of SPTG_.HAMIL applied to the graph G of Figure 6 is depicted in Figure 7. In
Figure 7, the details related to SPTG_HAMIL are highlighted in red. The hamiltonian cycle for
each depth is computed in a top-down manner starting from the root. In each layer, each node
is annotated with the order at which it appears on the hamiltonian cycle of its respective layer.
Each edge of the hamiltonian cycle is also annotated with its corresponding edge flip (e, ¢’).

Ty = 1

Figure 7: An example of SPTG_HAMIL when applied to the graph of Figure 6.

We present our main result of this section.

Theorem 2. SPTG_-HAMIL finds a hamiltonian cycle of SPT(G,r) in O(m + nN) time, where
n=1|V(G)|, m = |E(G)|, and N = |V(SPT(G,r))|.
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Proof: The correctness of SPTG_HAMIL is due to Lemma 4 for £ = n, thus we prove the time
complexity.

Claim 2. Let n = |V(G)| and u be any node in the last layer of D. The shortest path tree T of G
corresponding to u can be retrieved in O(n) time.

Proof: We traverse D starting from u in the last layer and go upwards towards the root. For any
layer 2 < ¢ < n, v, can be retrieved in constant time. Moreover, for each node T'Ue; in layer £ of D,
we retrieve e; in O(1) time (refer to the proof of Lemma 3 for details). Edge e¢; € E(G) determines
the BFS ancestor of vy. By traversing all layers of D, we can determine the BFS ancestor of any
vertex v € V(G). By determining the BFS ancestor of every vertex v € V(G), we can construct
the shortest path tree of G corresponding to u in O(n) time, since D has exactly n layers. O

Line 4 of SPTG_HAMIL can be implemented to run in O(m+nN) time by Lemma 3. Moreover,
finding the hamiltonian cycle of SPT(G[V1],r) can be done in O(1) time (Line 5). We now show
that each iteration of the loop in Line 6 to Line 9 of SPTG_HAMIL runs in O(|V(SPT(G[V¢],7)|)
time, implying that in total, the loop itself runs in O(nN) time by Lemma 3. Observe that we can
modify D without any space overhead so that given the node u; for any ¢ € {1,..., N'}, any of its
children u; ; in D can be accessed in constant time for all j € {1,...,d}. For each non-leaf node
of D, we can store an array pointing to each of its children, and the aforementioned constant-time
look-ups are supported.

Therefore, we deduce that applying the procedure of Lemma 2 to each layer £ can be done
in O(JV(SPT(G[V¢],7))|) time in total, because each child of a non-leaf node u; of D can be
accessed in constant time. Furthermore, each edge flip on the hamiltonian cycle of layer £ — 1 can
be retrieved in constant time, refer to the induction step in the proof of Lemma 4 for more details.
Finally, we can retrieve the shortest path tree corresponding to the first node on this cycle (Line
10) in O(n) time (Claim 2) and report it along with all edge flips between consecutive trees on the
cycle. This concludes the proof of Theorem 2. O

3.2.3 A Linear-Time Algorithm

We now modify data structure D into another data structure D’ with space complexity O(n+m +
N). This allows us to improve the time complexity of the algorithm in Theorem 2 to O(n+m+N).

Data structure D’ is a variation of D in which all non-leaf nodes are forced to have at least two
children (given that |V(D)| > 1). To begin, we present the following key lemma, the correctness
of which is due to Claim 1.

Lemma 5. If | Ny, (v,)| =1, then SPT(G \ vy, r) 2 SPT(G, ).

By Lemma 5, we can improve the “peeling” process in the construction D. Precisely, we remove
the long paths in D by only considering layers £ with | Ny, (vey1)| > 1.

Before giving the formal definition of D’, we briefly explain the idea behind it. The data
structure D may be viewed as a layered decision tree for shortest path trees, where each layer
corresponds to adding one vertex in breadth-first search order. Thus, if we compare two consecutive
layers of D, the set of newly added vertices always has size one. A branching occurs only when
the new vertex has more than one possible parent in the previous BFS layer. If | Ni,(v;)| = 1, then
there is no choice when v; is added, since it has a unique possible parent in the previous BFS layer.
Thus, in D, the transition from the layer for G[{vy,...,v;_1}] to the layer for G[{v1,...,v;}] does
not branch, and each node produces exactly one child. Consequently, any maximal consecutive
block of such vertices produces a path of internal degree one in D. In D’, we compress each such
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block into a single step. Here, the subscript ¢ denotes the depth in D’. Accordingly, V; is the
set of vertices present up to depth ¢, and A, = V), \V,_, is the set of vertices added from depth
£ —1 to depth ¢. Unlike in D, the set Ay may contain more than one vertex. Its first vertex is the
one at which the new compressed step begins, while the remaining vertices, if any, are exactly the
consecutive vertices whose addition is forced, that is, the vertices v with |Ny,(v)| = 1.

More formally, D’ has the following properties (in the remainder of this section, we assume that
G has at least two shortest path trees rooted at r).

(i) D' is of depth 8, where the root belongs to depth 0 and the leaves are at depth 5 — 1.

(ii) The nodes at each depth 0 < ¢ < 8 —1 of D’ correspond to the shortest path trees of G[Vy],
where each V; is defined as follows.

(a) V) = {vi} U (ngz v;) where j is the greatest integer such that |Ni,(v;)] = 1 for all
2<i<j.

(b) Vi, =V(G).

(c) For 0 < ¢ < B—2,let V) = {vi,...,vx} with v = 7 and f(v1) < -~ < f(vk).
Define V; ; = V; U {vg41} UUJ_; o v, such that j is the greatest integer for which
|Nin(v;)] = 1 for all (k+2) <i < j. If no such j exists and |Ni,(vg42)| > 2, then set
Vigr = ViU {vkg}.

(i) For 1 <£< B —1,1let Ay =V, \V,_;. Let u be any node at depth ¢ of D’ that corresponds

to a shortest path tree T' of G[V;]. The parent of u in D’ corresponds to a shortest path tree
T~ Ay of G[V;_4].

An example of D’ for the same graph G (Figure 6(a)) is depicted in Figure 8.

Vi = {v1,v2,v3} Ty =Ty Uey V(SPT(GVy],r))

Vo=Avi,vp,0s,0} 1 e, V(SPT(G[Vs], 7))

Vi = {1, 2, v3,v4, U5} V(SPT(G[V3], 1))
TG:T4UG4 T7:T4U66T82T5U€4 TQZTj,U(i(,'

Figure 8: An example of D’ for the same graph G depicted in Figure 6(a).

We have the following lemma.

Lemma 6. Let n = |[V(G)|, m = |E(G)|, and N = |V(SPT(G,r))|. D' can be constructed in
O(m+n+ N) time and it can be stored in O(N +n) space. Furthermore, using D' we can retrieve
the shortest path tree corresponding to any of its leaves in O(n) time.

Proof: The proof is almost identical to that of Lemma 3, so we skip the details. Similar to the
proof of Lemma 3, O(n 4+ m) time is needed for preprocessing. Since every non-leaf node has at
least two children, D’ has O(NN) nodes (because the nodes in the last layer of D’ correspond to
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V(SPT(G,r))). Therefore, constructing D’ takes O(n+ N +m) time in total. Regarding the space
complexity, we store O(1) information per node of D’ and for each layer 1 < ¢ < 8 — 1, we store
the set Ay (as described in Step (iii) of the construction of D). These sets take O(n) space in total
and allow us to reconstruct each shortest path tree T' corresponding to a leaf [ of D’ by traversing
[ upwards towards the root. a

We now present the main result of this section. The proof is similar to that of Theorem 2
using SPTG_HAMIL. Therefore, we omit the proof to avoid redundancy. Note that constructing
D' takes O(n + N + m) time by Lemma 6. Similar to Theorem 2, the hamiltonian cycles are
constructed layer-by-layer in D’ from top to bottom and find the edge flips. This takes O(N) time
in total. The first shortest path tree on the cycle can be obtained in O(n) time using the sets A,
(see Lemma 6). Therefore, the algorithm takes O(n 4+ N + m) time in total.

Theorem 3. A hamiltonian cycle of SPT(G,r) can be found in O(m + n + N) time, where
n=|V(G)|, m = |E(G)|, and N = |V (SPT(G,r))|.

3.3 Shortest Paths on SPT(G, )

Motivated by the literature on reconfiguration problems (see Section 1), in this section, we study the
algorithmic problem of finding the shortest path between two shortest path trees of G in SPT(G, r).
Let G be any connected graph, with 7; and 7; being any two distinct shortest path trees of G
rooted at r. We present an O(|V(G)|)-time algorithm for finding the shortest path between T;
and T; in SPT(G, r).

The pseudocode of this algorithm (SPTG_PATH) is described in Algorithm 2. Given two

Algorithm 2
1: procedure SPTG_PATH
2 Input: The graph G and two shortest path trees T; and T} of G rooted at r € V(G)
3 Output: S(SPT(G,r),T;,T;)
4: Initialize S(SPT(G, ), T;,T;) as a sequence containing only T;
5
6
7

for each ¢ € {eg(r),...,1} (taken in descending order) do
for each vertex v in Ly(G) do
Let u; and u; be the BFS parents of v in T; and Tj, respectively (with v € Nou(u;)N

. Nout(uj))

8: if u; 75 Uj then

9: Set T; < ((T; ~ u;v) + u;v), where {u;v,u;v} C E(G)
10: Add T; to S(SPT(G, ’I”), T, T])

11: end if

12: end for

13: end for

14: return S(SPT(G,r),T;,T;)
15: end procedure

trees T; and T;, SPTG_PATH first computes eg(r) (the eccentricity of r in G). Then, for each
value £ € {eg(r),...,1} taken in descending order, each vertex v of the £-th BFS layer is considered.
For each such vertex v, if the level-(¢ — 1) parent of v in T} is different from its counterpart in 77,
an edge flip is executed and T; is updated, see Line 9 and Line 10. When SPTG_PATH terminates,
every vertex in V(G) has the same BFS parent in T; and T; and T; = T;. We assume that, prior
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to SPTG_PATH, the vertices in Ly(G) (for each ¢ > 1) have already been computed. Note that
given T; and T, any algorithm needs to execute at least |E(T;) \ E(T})| edge flips. Therefore, the
optimality of SPTG_PATH is due to the following theorem.

Theorem 4. Let T; and T be any two shortest path trees of G' rooted at v. Then, SPTG_PATH
finds a path of length exactly |[E(T;) ~ E(Tj)| between T; and T; in SPT(G,r) in O(|V(GQ)|) time.

Proof: We first show the time complexity. Computing the vertices of L,(G) for all £ > 1 can
be done in O(|V(G)|) time in total. SPTG_PATH terminates in O(eq(r) + Zzi({) |L¢(G)|) time.
Since we have e (r) € O(|V(G)]) and 357 |Ly(G)| € O(|V(G)|), SPTG_PATH runs in O(|V (G)))
time. To prove the correctness, it suffices to show that every intermediate spanning tree T; of each

iteration (Line 9) is a shortest path tree of G rooted at r. We prove this statement through the
following claim.

Claim 3. The resulting tree T; after the edge flip in Line 9 of SPTG_PATH is a shortest path tree
of G rooted at r.

Proof: We prove this claim by contradiction. Suppose there exists an edge flip in Line 9 of
SPTG_PATH such that the resulting tree T; after the flip is not a shortest path tree of G. Let
k > 1 be the smallest integer such that the k-th edge flip results in a tree T; that is not a shortest
path tree of G.

Prior to the k-th edge flip in Line 9, both T; and T are shortest path trees of G in Line 7 of
SPTG_PATH. Let v, u;,u; be as defined in Line 7 of SPTG_PATH. Denote the two components of
T;~w;v by T/ and T}’. Since T; is a shortest path tree of G before the flip, we have {u;,u;} C V(T7)
and v € V(T}'). Therefore, (T; \ u;v) + u;v forms a spanning tree of G. Moreover, because T; is a
shortest path tree before the flip, it follows that dr, (r,u;) = dr,(r,u;) = da(r,u;) (Definition 1).
Consequently, dr(r,w) = dg(r,w) for any vertex w € V(G), where T' = (T; \ w;v) + ujv. This
implies that T' = (T; \ u;v) + u;jv is a shortest path tree of G immediately after the k-th edge flip
in Line 9, which contradicts the choice of k as the first wrong edge flip. Therefore, the resulting
tree T; after any edge flip in Line 9 of SPTG_PATH remains a shortest path tree of G rooted at r.

O

The correctness of SPTG_PATH holds due to Claim 3. O

3.4 Connectivity of BFS-Tree Graphs

As seen in Section 2 (Example 1), BFS-tree graphs are not always connected. Therefore, it is natural
to characterize graphs G whose corresponding BFS-tree graph is connected. In this section, we
present a necessary condition for the connectivity of BFS-tree graphs. Since every BFS-tree graph
is trivially connected when there is only one BFS layer, we assume eg(r) > 2 in the remainder of
this section.

We begin by making some observations on shortest path trees.

Observation 3. Let T be any shortest path tree of a graph G rooted at r € V(G). For any edge
wv € E(T) we must have v € L;_1(G,r) and v € L;(G,r) for some i > 0.

Lemma 7. Suppose Ty and Ty are two shortest path trees of G rooted atr such that (T1\e1)+eq =
Ty for edges e1,es € E(G). Then, e; and es must share an endpoint.
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Proof: Let e; = wv with w € L;_1(G,r) and v € L;(G,r) for some ¢ > 0 (see Observation 3). Let
T{ and T be the two components of T} \ ey with u € V(T) and v € V(T}'). Since T} is a shortest
path tree of G, it follows that T} is the subtree of T7 rooted at v. Moreover, es must have an
endpoint in T} because (T1 \ e1) + ez = T is a spanning tree of G. By Observation 3, we deduce
that the endpoints of e; must be in two consecutive BFS layers L;_1(G,r) and L;(G,r), since Ts
is a shortest path tree of G rooted at r. We conclude that e; must have v as an endpoint. a

For a BFS-tree T} and a vertex v € V(T1), we denote the set of the BFS children of v in T} by
Sy. We show the following lemma.

Lemma 8. Let Ty and Ty be two BFS-trees of G rooted at r such that (Ty \ e1) + ea = Ty with
e1,e2 € E(G). Furthermore, let e1 = vz and ea = uz with {v,u} C L;_1(G,r) and z € L;(G,r) for
some i > 0 (Observation 3 and Lemma 7). Then, |S, N Noyt(u)| = 1, where S, = Ny (v) N Nyt (v).

Proof: Note that |S, N Nout(u)| > 1 because z € S, N Nout(u). Therefore, it suffices to show
[Sy N Nouwt(u)] < 1. For the sake of contradiction, suppose [S, N Nows(u)| > 2 and let 2/ €
(Sy N Nout(u)) N {z}. By definition, (71 \ vz) +uz = Ts. Therefore, we have z € N, (u) N Noyt (v)
and z' € Np,(v) N Noye(uw). This contradicts the fact that T is a BFS-tree of G. To see why,
suppose there is a BFS traversal on G that produces T5. If the traversal visits v before u, then
z ¢ Nr,(u), contradicting z € N, (u) N Noyt(v). Conversely, if the traversal visits u before v, then
2 ¢ N, (v), contradicting 2z’ € Ny, (v) N Noyg(w). O

We present the following necessary condition for the connectivity of BFST(G,r) in terms of
the BFS layering of G. To motivate this result, consider the graph G depicted in Figure 2(b),
whose BFS-tree graph is not connected. Let S = Ly(G) with |Niy(S)| = 2. Notice that for each
u € Nin(S), we have |S N Noyt(u)| = 2. The following result formally generalizes this observation,
proving that if a graph G has such a set S, then its corresponding BFS-tree graph is disconnected.

Theorem 5. Let {L1(G), ..., Lqs(G)} be the BFS layering of G rooted at r, whered > 2. If BFST(G,r)
s connected, then the following holds:

Vie{l,...,d—1}, Yo € L;y(G), VS C Noyui(v), if |Nin(S)| > 2 then
Ju € Ny (S) \ {v} such that |S N Noye(u)| =1
Proof: For the sake of contradiction, suppose BFST(G,r) is connected and the following holds:
Fe{l,...,d—1}, Fv e L;(G), IS C Nout(v), such that | Ny, (S)| > 2

and Yu € Ni, (S) ~ {v}, |S N Nout(u)] > 2

Let S and v be as defined above. Moreover, let T and T’ be two BFS-trees rooted at r in which
v is the first and the last visited vertex of layer 7 in the breadth-first search starting from r,
respectively. Observe that Noy:(v) € Np(v). Since BFST(G, r) is connected, there must be a path
between T and 7" in BFST(G,r). Let P = Ti,...,T} denote this path with Ty = T, T, = T',
and T;_1T; € E(BFST(G,r)) for j € {2,...,k}. Let 1 < £ < k be the smallest integer such
that (Ty—1 N vz1) + uzy = Tp with uw € Nip(S) ~ {v} and z; € S. By our choice of T and T",
Observation 3, Lemma 7, and the fact that | Ny, (S)| > 2, there must exist such an integer ¢. Since
¢ is the smallest such integer, we have S C Np,_, (v). Furthermore, we have |S N Noyui(u)| > 2 by
assumption and there exists a vertex zo € S\ {21} with {21, 22} C Nout(¢). On the other hand,

we have
{#1,22} €S C S,, where S, = Nr,_, (v) N Nout (). (1)
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By (1), we deduce {z1,22} C S, N Nous(u) and |S, N Noyg(u)| > 2. This observation contradicts
Lemma 8, see Figure 9. g

Lin(G) | | Lin(G) |,

(@) Tp—1

Figure 9: The figure used in the proof of Theorem 5.

We believe the necessary condition of Theorem 5 is also sufficient, see Conjecture 1 in the
conclusion.

3.5 Chromatic Number of BFS-Tree graphs

In this section, we present some bounds on the chromatic number of shortest path tree graphs
and BFS-tree graphs. A proper vertex coloring is a coloring of vertices such that no two adjacent
vertices have the same color. The smallest number of colors needed to color a graph G, denoted
by x(G), is its chromatic number. A proper edge coloring of a graph is a coloring of edges such
that no two adjacent edges are assigned the same color. Here, two distinct edges are considered
to be adjacent when they share an endpoint. The smallest number of colors needed in a proper
edge coloring of a graph G is its chromatic index or edge chromatic number. We denote the edge
chromatic number of a graph G by x/(G).

Using an analogous method to Theorem 2 in [15] and by applying Lemma 7, we show the
following bounds. For convenience, we review the parts of the proof of Theorem 2 in [15] that are
relevant to our proof.

Proposition 1. x(BFST(G,r)) < x(SPT(G,r)) < x'(G).

Proof: Since every BFS-tree of G is also a shortest path tree of G, we have BFST(G, r) C SPT(G, )
which implies that x(BFST(G,r)) < x(SPT(G,r)). To see x(SPT(G,r)) < x'(G), consider a
proper edge coloring ¢ : E(G) = {1,...,X'(G)} of the graph G. Now, we assign to each node T
of SPT(G,r) the sum of the values of the edges of T modulo x'(G). Let T} and T be two nodes
of SPT(G,r). If T} is adjacent to Ty in SPT(G, r), then there are two edges uv and wz in G such
that (71 ~ uwv) + wz = Ty. By Lemma 7, we can assume z = u, which implies that c(uv) # c(wz).
This implies that 77 and 75 are assigned different colors, since all other edges of 77 and 75 are
identical. a

Lemma 9 (Vizing’s Theorem [30, 31]). Let G be a graph. Then, A(G) < x'(G) < A(G) + 1.

It follows from Vizing’s theorem that the chromatic number of shortest path tree graphs is at
most the maximum degree plus one.

Corollary 1. x(BFST(G,7)) < x(SPT(G,7)) < A(G) + 1
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We now present a lower bound on the chromatic number of any shortest path tree graph. Let G
be any graph. The cliqgue number of G, denoted by w(G), is the size of the maximum clique of G.
Recall the definition of Ny, (v) from Notation 2. We first present the following lower bound on the
clique number of any shortest path tree graph.

Proposition 2. If |[V(G)| > 1, then max,cr, | Nin(v)| < w(SPT(G, 1)), where L denotes the vertices
of the furthest BFS layer from r.

Proof: Let v € L be any vertex in the last BFS layer of G. Furthermore, let T' be any shortest
path tree of G \ v rooted at 7, and let Ni,(v) = {v1,..., VN, )|} For every v; € Nix(v), we
denote the edge vv; € E(G) by e;. Observe that TUey,...,T'U €[N (v)| are all shortest path trees
of G. Moreover, since these trees all differ by exactly one edge, the subgraph of SPT(G, r) induced
by {T'Uey,...,TUe|n, (v} is a clique of order |Nj,(v)|. This analysis applies to any v € L, and
for any such v, SPT(G,r) has a clique of order |Ni,(v)|. Thus, max,cr |Nin(v)] < w(SPT(G,1)).

O

Proposition 2 and Corollary 1 yield the following bounds on the chromatic number of any
shortest path tree graph because the chromatic number of any graph is lower bounded by its clique
number.

Corollary 2. Let L denote the vertices of the furthest BFS layer of G from r. If |[V(G)| > 1, we
have
max,er, | Ni(v)| < x(SPT(G, 7)) < A(G) + 1.

4 DFS-Tree Graphs

In this section, we study DFS-tree graphs. As discussed in Section 2, DFS-tree graphs are not
necessarily connected (see Example 2). We first show a necessary condition for the connectivity
of DFS-tree graphs. We then show that this condition is not sufficient by providing an example.
Finally, we prove an upper bound on the chromatic number of any DFS-tree graph.

4.1 Connectivity of DFS-Tree Graphs

In this subsection, we show that if G has specific connectivity conditions, then the connectivity of
DFST(G, r) implies the hamiltonicity of G.

We start with the following lemma, which states that every pair of flippable edges in a DFS-tree
must share an endpoint.

Lemma 10. Suppose Ty and Ty are two nodes of DEST(G,r) such that (T1 ~ e1) + ex = Ty. Let
e1 = uv with dp, (r,u) < dp, (r,v). Then, e1 and ez must share u as an endpoint.

Proof: Suppose es = zy. Since x and y are comparable in T} with r as the root, dr, (r,z) #
dr, (r,y). Therefore and without loss of generality, assume dr, (r,z) < dp, (1, ).

We show v = x. For the sake of contradiction, suppose u # x. Let T] and T} denote the
components of T7 \ e; and without loss of generality, assume that » € V(T}). Observe that the
edge ea = xy belongs to the cut between V(T7) and V(T7') and since z is closer to the root than
y, © € V(TY]). Therefore, we have {u,z} C V(T7) and {v,y} C V(T}). Since zy is a non-tree edge
of T1, « and y must be comparable in T} with r as the root. It follows from the properties of T}
and T} that S(Ty, x,y) goes through u, implying that x lies on S(T},r,u). Observe that S(Ts,r,v)
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goes through = and avoids u. Similarly, S(Ts,r, u) is the same as its counterpart in 7} and avoids
v. Therefore, u and v are not comparable with r as the root in 75. Since wv is a non-tree edge
in T5, it follows that T5 cannot be a DFS-tree of G rooted at r, a contradiction. O

Recall that a branch vertex in a tree is a vertex of degree at least 3, and that DFS-trees can be
rooted at multiple vertices (Definition 3). For any graph H with u,v € V(H), the intermediate
vertices of S(H,u,v) are the vertices of S(H,u,v) excluding u and v.

Lemma 11. Let G be a connected graph with t1,ta € V(G) and let T be a DFS-tree of G rooted
at t1 and to simultaneously. If z is both an intermediate vertex of S(T,t1,t2) and a branch vertex
of T, then it is also a cut vertex of G.

Proof: Assume to the contrary that z is not a cut vertex of G. Since z is a branch vertex
of T, T \ z is a forest with at least three components. Suppose T} and T are two components of
T\ z with t; € V(T;) for ¢« € {1,2}. Since z is not a cut vertex of G, there exists an edge e =
zy € (E(G) \ E(T)) such that y € V(T1) UV (Tz) and = € V(T5) for some component 75 of T'\ z
with T5 ¢ {T1,72}. Any such edge zy results in a contradiction since z and y would be non-
comparable with either ¢; or ¢ty as the root. To see why and without loss of generality, suppose
y € V(T1) and © € V(T3). Since to € V(T3), S(T,t2,x) and S(T,t2,y) go through z and avoid
y and z, respectively (see Figure 10 for an illustration). Since xy is a non-tree edge of T, this
observation contradicts the fact that T is a DFS-tree of G rooted at ts. O

Figure 10: The figure used in the proof of Lemma 11.

The following lemma, used later in the proof of Theorem 6, has appeared in various forms
throughout the literature.

Lemma 12. [1, Lemma 5.5] Let T be a DFS-tree of G rooted at r. If r is not a cut vertex of G,
then degr(r) = 1.

Lemma 12 entails the following corollary.

Corollary 3. Suppose r is not a cut vertex of G and let T be a DFS-tree of G rooted at r.
Then, T\ r is a DFS-tree of G \. r rooted at t, where rt € E(T).

Theorem 6. Suppose G \ r is 2-connected and degq(r) > 2. If DFST(G,r) is connected, then G
is hamiltonian.
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Proof: Let Ng(r) = {t1,...,tdeg.(r)} and let T be any DFS-tree of G rooted at r. By Lemma 12,
degr(r) = 1 and T has exactly one edge from {rty,...,7tqeg,(r)}. We define an equivalence
relation ~ on the DFS-trees of G rooted at r. Let T} and Ty be any two nodes of DFST(G, ). We
have Ty ~ Ty if and only if Ny, (1) = Np,(r). It is straightforward to see that ~ is an equivalence
relation because it is reflexive (T} ~ T3 for any DFS-tree T} of G), symmetric (77 ~ Ty <= T5 ~
T for any pair of distinct DFS-trees 77 and T5), and transitive (if Ty ~ T» and Ty ~ Tj, then
Ty ~ T; for distinct DFS-trees T4, T, and T53). Let V4,..., Vieg, () denote the equivalence classes,
such that for each node T' of each equivalence class V;, we have rt; € E(T). Since DFST(G,r)
is connected, there must be an edge T;T;, € E(DFST(G,r)) with T; € V; and T; € V; for two
distinct equivalence classes V; and Vj. From the definition of DFS-tree graphs, there must be two
edges e;,e; € E(G) such that (T; \ ;) + ej = Tj. By Lemma 10 and the fact that 7; € V; and
T; € V;, e; and e; must be incident and both have r as an endpoint. Let e; = rt; and e; == ;.

Observation 4. T; ~r=1T; \r.

Observation 4 follows from the simple fact that V(T;~r) = V(T; ~\r) with (T, ~rt;) +rt; = T.
By Corollary 3, T; ~ r and T ~\ r are DFS-trees of G ~\ r rooted at ¢; and t;, respectively. By
Observation 4, T; \ 7 is a DFS-tree of G ~\.r rooted at both ¢; and ¢;. Since G \.r has no cut vertices,
we observe that every intermediate vertex on S(T; \r,t;,t;) is of degree 2 in T; \ . Moreover, by
Lemma 12 we conclude that both ¢; and ¢; are of degree 1 in T; ~ 7. Since T; \. 7 is a spanning
tree of G \ r, it follows that S(T; \ r,t;,t;) is a hamiltonian path of G \ r, and by adding the
edges rt; and rt; into this path we get a hamiltonian cycle of G. a
Example 4. The necessary condition of Theorem 6 for the connectivity of DFS-tree graphs is not
sufficient. As depicted in Figure 11, there exists a hamiltonian graph G and a vertex r € V(G)
with degq(r) > 2 such that G \ r is 2-connected but DFST(G, r) is not connected.

Figure 11: The counterexample described in Example 4.

4.2 Chromatic Number of DFS-tree graphs

This subsection presents an upper bound on the chromatic number of any DFS-tree graph. The
upper bound is described in Proposition 3 and Corollary 4. We skip the proofs as they are identical
to those of Proposition 1 and Corollary 1, respectively (see Lemma 10).

Proposition 3. x(DFST(G,r)) < x'(G).
Corollary 4. y(DFST(G,r)) < A(G) + 1.
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5 Summary and Open Problems
In this paper, we introduced three variants of tree graphs, namely shortest path tree graphs,
BFS-tree graphs, and DFS-tree graphs. We studied several properties of these graphs, including

hamiltonicity, connectivity, and chromatic numbers.

Table 1: A summary of existing results for the hamiltonicity of the different variants of tree graphs

Type of Tree Graph | Hamiltonicity Ref.
Tree graphs v [10]
SPT(G,r) 4 Theorem 1
BFST(G,r) X Example 1
DFST(G, ) X Example 4

Several problems are left open. Let G be any graph with r € V(G).

1. The flip graph on triangulations is a graph where the vertices correspond to non-isomorphic
combinatorial triangulations, and edges connect pairs of triangulations that can be trans-
formed into each other by flipping a single edge. Frati, in [19], showed that the diameter of
the flip graph is at least Zn + ©(1). Are there bounds on the diameters of SPT(G,r) and
also DFST(G,r)?

2. Kaneko and Yoshimoto in [23] proved that if G is 2-connected with minimum degree §, then
the leaf graph of G is (2§ — 2)-connected. A natural question that follows is whether there
exists a function f such that if G is k-connected with minimum degree 6, then SPT(G,r) (or
DFST(G,r)) is f(k, d)-connected.

3. We have observed that BFS-tree graphs are not always connected. Can the connectedness
issue in BFS-tree graphs be resolved by increasing the vertex or edge connectivity of G?7
Another approach to ensure the connectedness of BFST(G, r) is to relax the definition of the
BFS-tree graph. We suggest the following definition.

Definition 5. Let G be a connected graph with a root r and an integer k > 1. The k-BFS-tree
graph of G with reference to r (denoted by k-BFST(G,r)) is a graph whose vertices are the
set, of all possible BFS-trees with the root 7, and two distinct vertices T1 and Ty are adjacent

We now pose the following question: What is the minimum number & such that the k-BFS-
tree graph of G is hamiltonian? It turns out that the A(G)-BFS-tree graph of G is indeed
hamiltonian.

4. Since BFS-tree graphs are not necessarily connected, we presented a necessary condition
for their connectivity in Theorem 5. However, we were unable to find counterexamples for
the sufficiency of this condition. We believe this necessary condition is also sufficient and
conjecture the following.

Conjecture 1. Let G be a graph with r € V(G). If G satisfies the conditions of Theorem 5,
then BFST(G, r) is connected.
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Much of our initial research efforts for this paper were dedicated to proving Conjecture 1,
which unfortunately ended up being unsuccessful.

Can the connectedness of DFST(G, ) be characterized using a finite set of forbidden minors?

In this paper, we fix a root r of a graph G and consider all BFS-trees of G rooted at r. If
we extend this to allow all BFS-trees of G with respect to different roots and define a tree
graph based on these BFS-trees, is the resulting tree graph connected? Furthermore, is it
hamiltonian? The same question can be posed when we consider all DFS-trees with respect
to all possible roots.
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