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Abstract. For a positive integer s, an s-club in a graph G is a set of vertices
inducing a subgraph with diameter at most s. As generalizations of cliques, s-clubs
offer a flexible model for real-world networks. This paper addresses the problems of
partitioning and disjoint covering of vertices with s-clubs on bipartite graphs. First we
consider the (k, s)-PC problem where ask whether the vertices of G can be partitioned
into at most k disjoint s-clubs. We prove that for any fixed £ > 2 and for any fixed odd
s > 3 or even s > 8, the (k,s)-PC problem is NP-complete even for bipartite graphs.
Note that our NP-completeness result is stronger than the one in Abbas and Stewart
(1999), as we assume that both s and k are constants and not part of the input.

Additionally, we study the Maximum Disjoint (¢, s)-Club Covering problem ((¢, s)-
MAX-DCC), which aims to find a collection of vertex-disjoint (¢, s)-clubs (i.e. s-clubs
with at least ¢ vertices) that covers the maximum number of vertices in G. We prove
that it is NP-hard to achieve an approximation factor of 3—2 for (t,3)-MAX-DCC
for any fixed ¢ > 8 and for (t,2)-MAX-DCC for any fixed ¢ > 5 even for bipartite
graphs. Previously, results were known only for (3,2)-MAX-DCC. Finally, we provide
a polynomial-time algorithm for (2,2)-MAX-DCC resolving an open problem from
Dondi et al. (2019).

1 Introduction

For a positive integer s, an s-club in a graph G is a set of vertices that induces a subgraph of G
of diameter at most s. Clubs are generalizations of cliques (1-clubs are exactly cliques) and offer a
wider and more practical way to model real-world interactions [17, 18, 16, 15, 21, 22]. Partitioning
a graph into cliques is important for clustering and community detection. Consequently, there
has been research into partitioning graphs into s-clubs as a way to extend these methods to more
flexible and realistic groupings. In this paper we focus exclusively on bipartite graphs. Bipartite
graphs are of particular interest due to their wide range of applications in various fields such as
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scheduling, matching problems, recommendation systems and network flow optimization [2]. They
also provide a particularly interesting setting for s-club partitioning and covering. Indeed, since
bipartite graphs contain no triangles, clique-based notions of cohesion are limited in this setting,
whereas s-clubs can still capture tightly connected groups through short alternating paths. This
is especially relevant in bipartite networks, where preserving the underlying two-mode structure
is often important for community detection and network analysis [3, 5]. Thus, s-clubs provide a
natural framework for modeling cohesive substructures in bipartite graphs.

We examine two closely related problems involving the partitioning and covering of a graph’s
vertices using s-clubs. The first problem is the Minimum Partition s-Club problem, where the
objective is to partition the vertices of a graph G into the minimum number of disjoint s-clubs.
This problem is NP-hard for s > 2 [10], even when restricted to bipartite or chordal graphs [1, 6].
Clearly from these results we have that the decision version of this problem, where for a fixed s,
given a graph G and an integer k, we decide whether it is possible to partition the vertices of G
into at most k disjoint s-clubs, is NP-complete. However, this does not address the complexity of
the decision problem when k is also fixed (that is both s and k are not part of the input). We
thus, consider the problem below.

k-Partition s-Club problem ((k,s)-PC)

Instance: A graph G = (V, E).
Question:  Is there a partition of V' into at most k vertex disjoint s-clubs?

Previous studies have explored the complexity of this problem for some fixed values of s and k.
For k = 1, the problem is equivalent to determining the diameter of a graph and thus is trivially
solvable in polynomial time. For s = 1 the problem is equivalent to determine whether there exists
a partition of the vertices into k cliques, that is equivalent to determine whether there exists a
k-coloring of the complement graph. This problem is NP-complete for any k& > 3 (see [14]) and
polynomial for k = 2. More recently, Bazgan et al. [4] showed that when we restrict to split graphs
the problem (2,2)-PC is NP-complete. When we restrict to bipartite graphs, s = 1 corresponds
to the problem of determining whether there exists a perfect matching of size k in a graph and is
thus polynomial. Again for bipartite graphs and s = 2 and k = 2 the problem is polynomial [13].
This is a distinction with the split graphs where already (2,2)-PC problem is NP-complete. In this
paper we show that for bipartite graphs and any fixed odd s > 3 or even s > 8 and for any fixed
k > 2 the (k,s)-PC problem is NP-complete. Note that our NP-completeness result is stronger
than the one in [1] as we assume that both s and k are constants and not part of the input.

In some real-world applications, it may not be feasible to partition all vertices into s-clubs. To
address such cases, a variant of this problem, known as the Maximum Disjoint (¢, s)-Club Covering
problem ((¢,s)-MAX-DCC), was introduced by Dondi et al. [12]. This problem seeks to find,
given a graph G, a collection of disjoint (¢, s)-clubs that covers the maximum number of vertices
in G. A (t,s)-club is an s-club with at least ¢ vertices. The concept of (¢, s)-clubs extends that of
s-clubs by adding a minimum size constraint, and is motivated by applications where identifying
large, well-connected subgraphs is important (see, e.g., [16, 12]). Hence, the second problem we
consider is the following;:

1Notice that if we do not require the s-clubs to be disjoint, then the case s = 2, k = 2 is shown to be NP-complete
for general graphs [11].
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Maximum Disjoint (¢, s)-Club Covering problem ((¢, s)-MAX-DCC)

Instance: A graph G = (V) E).
Required: A collection of vertex disjoint (¢, s)-clubs that covers the maximum number
of vertices in V.

To the best of our knowledge the only cases considered in literature are the cases s = 2 and
s = 3 [12]. In particular, for s = 2 in [12] it is proved that (3,2)-MAX-DCC is APX-hard and the
case (2,2)-MAX-DCC is left open. Here we show that (¢,2)-MAX-DCC is APX-hard for any
fixed t > 5 even for bipartite graphs and (2,2)-MAX-DCC can be solved in polynomial time for
general graphs. For s = 3 in [12] it is shown that (2,3)-MAX-DCC is polynomial and the case
(3,3)-MAX-DCC is left as an open problem. We show that (t,3)-MAX-DCC is APX-hard for
any fixed ¢t > 8, even for bipartite graphs.

The paper is organized as follows: In Section 2 we introduce the definitions we need for the
paper. In Section 3 we show that for any fixed k£ > 2 and for any fixed s > 3 with s # 4,s # 6
the (k, s)-PC problem is NP-complete. In Section 4 we prove that it is NP-hard to achieve an
approximation factor of 92 for(t,3)-MAX-DCC for any fixed ¢t > 8 and for (¢,2)-MAX-DCC
for any fixed t > 5 even for bipartite graphs. On the positive side we provide a polynomial-time
algorithm for (2,2)-MAX-DCC. Finally, in Section 5 we conclude with some open problems.

2 Preliminaries

All the graphs we consider here are undirected and simple (with no loops or multiple edges). For
a graph G = (V, F) and a subset V/ C V we denote by G[V’] the subgraph induced by the vertices
in V’. For any two vertices u,v € V we denote by u —— v a path connecting v and v in G. To
clarify notation and avoid confusion, we will slightly abuse notation by writing (u,v) for the edge
between u and v, instead of {u,v}. A subset V' of vertices is called an s-club if the diameter of
G[V’] is at most s. In other words, every pair of vertices in the s-club can be connected by a path
of length at most s within the subgraph. An (¢, s)-club is an s-club of at least t vertices.

The closed neighborhood of a vertex v in a graph G = (V, E), denoted by N[v], is the set
consisting of the vertex v itself and all vertices adjacent to v. Formally, N[v] = {v} U {u € V|
(u,v) € E}.

A graph G = (V, E) is bipartite if its vertices can be partitioned into two independent sets. We
denote it as G = (V1, Vi, E), where V; and V3 are the independent sets. A tree T is said to be a
spanning tree of a connected graph G if T is a subgraph of G (not necessarily induced) and Tg
contains all vertices of G. A rooted tree is a tree with a special vertex labelled as the root of the
tree. In a tree, a vertex v is said to be at level [ if v is at a distance [ from the root. The height
of a tree is the maximum level which occurs in the tree. The parent of a vertex v is the vertex
connected to v on the path to the root.

For any integer k we denote by [k] the set {1,2,...,k}. We denote by 2[¥ the family of all
possible subsets of [k].

3 NP-completeness of (k,s)-PC problem

It is claimed in [13] that, for every fixed k > 3, the corresponding bipartite biclique vertex-
partition problem is NP-complete, via a reduction from the k-List Coloring problem. Since, on
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bipartite graphs, induced 2-clubs correspond to complete bipartite induced subgraphs, this claim
would imply the NP-completeness of (k,2)-PC. However, the correctness proof of the reduction
contains a gap. In the converse direction of Lemma 4, the authors consider a biclique vertex-cover
S = G4,...,Gy of the constructed graph H. They then state that the special edges u;v;, for
i € [k], belong to distinct bicliques, and conclude that, without loss of generality, one may assume
u;v; € E(G;) for every i € [k]. However, this step is not justified: a biclique vertex-cover is required
to cover vertices, not edges. The proof implicitly moves from the fact that the two vertices u; and
v; are covered to the conclusion that the edge u;v; is covered by one biclique. This implication
it is not valid for a vertex-cover by bicliques. Indeed, in a biclique vertex-cover, the vertices u;
and v; must each belong to some biclique, but they are not forced to belong to the same biclique.
Consequently, the edge u;v; need not be contained in any biclique of the cover. This is crucial for
the reduction, because the converse argument uses the pair u;,v; as an anchor for color . If a
biclique G; contains both u; and v;, then any original vertex placed in GG; can be associated with
color ¢, using the adjacencies to u; and v; to infer that this color belongs to its list. If, instead,
u; and v; are covered by different bicliques, this anchoring is lost. Consequently, the sets obtained
by deleting u; and v; from the bicliques do not necessarily define the color classes of a valid k-list
coloring. Hence the implication from the existence of a biclique vertex-cover of H to the existence
of a corresponding k-list coloring of the original graph is not established by the proof as written.

In this section we prove the NP-completeness of (k,s)-PC for every k > 2 and odd s > 3 and
even s > 8. We start by proving that (2,3)-PC is NP-complete even for bipartite graphs. We will
reduce from the Monotone 3-SAT problem [14]. The reduction is inspired by the proof in [4] where
it is shown that the (2,2)-PC problem is NP-complete for split graphs.

Monotone 3-SAT

Instance: A set X of variables, a collection C of clauses over X, which contains either
only negated variables or only positive variables and such that for each clause
ceC, | =3.

Question:  Is there a satisfying truth assignment for C?

Lemma 1. The (2,3)-PC problem is NP-complete even when restricted to bipartite graphs.

Proof: Membership in NP is immediate: given a partition (X,Y") of V(G), one can check in
polynomial time whether both G[X] and G[Y] have diameter at most 3.

For NP-hardness, we reduce from MONOTONE 3-SAT. Let ¢ be an instance of MONOTONE
3-SAT and let

X(¢)=A{x1,...,zn} and C(p) ={c1,.--,cm}

be the sets of variables and clauses, respectively. We write
CT :={ci € C(¢) | ¢; is positive}, C™ :={c; € C(¢) | ¢; is negative}.

Notice that we may assume that |CT| > 2 and |C~| > 2. Indeed, if all clauses have the same
sign, then ¢ is trivially satisfiable: if all clauses are positive we set every variable to TRUE, and
if all clauses are negative we set every variable to FALSE. Otherwise, if ¢ contains exactly one
positive clause (respectively exactly one negative clause), we simply duplicate that clause. This
does not affect satisfiability, and after this modification we have |CT| > 2 and |C~| > 2. From ¢
we construct a graph G = G(¢) as follows.

Vertices.
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e For each variable z;, create a vertex v;. Let
Vear := {v1,...,un }.

e For each positive clause ¢; € CT, create two vertices aj and b;"; for each negative clause
c; € O, create two vertices a; and b; . Let

QF = {af,b}}, Q; = {a; ,b; },
vi={J af, = U o, Va=VvViuvy

c;,eCt c,eC—
e For every pair of distinct positive clauses ¢;,¢; € CT with i < j, create four vertices
Pyl = {Pdia;> Pasb, Proay> Pob,
Similarly, for every pair of distinct negative clauses ¢;, c; € C~ with ¢ < j, create four vertices

P ;= {paiajv Dab;s Posayo pbibj]“

Let
+ + - - .1t -
Vpair T U Pi,j7 Vpair T U Pi,j’ Vpalr T Vpair U Vpair'
Ci7Cj€C+ Ci70j607
1<j i<Jj

e Add four special vertices ut,u~,vT,v~, and let

Vep == {ut,u™, vt 07}

Finally, set
V(G) =Viar UV U Vpair @] ‘/;p,

Edges.

e Suppose a clause ¢; contains the variables z;, z, z,. If ¢; € CT, then connect each of a;r, b;r
to each of v;,ve,v.. If ¢; € C'7, then connect each of a; ,b; to each of v;,vp,v,. Let Ecy

denote the set of all these clause-variable edges.

e For every pair ¢;,¢; € CT with i < j, connect each pair-vertex to the two clause vertices
indicated by its subscript:

+ o+ + o+ + o+ +
paiajai 9 paiaja’j I paibja’i ) paibjbj 9
+ ot + o+ + +
pbia_,»bi v Poia; 45 pbibjbi ) pbibjbj .

Define the edges for P, analogously. Let E},c be the union of all these pair-clause edges.

¢ Connect vt to every vertex of V. | and connect v~ to every vertex of bair

pair?

e Connect u™ to every vertex of Vp:ir U Viar, and connect u™ to every vertex of V. U Viar.
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Figure 1: An example of the graph G(¢) for ¢ = (1 Vaa V) A(zaVraVas) A (T1 VIV Ts) A
(T3 VT5 VTg). For readability, the clause-variable edges are drawn as dashed lines. The two colors
of the vertices indicate the bipartition of G(¢

~

Let E(G) be the union of all edges defined above.
Figure 1 illustrates the construction for a small instance.
By construction, G is bipartite with bipartition

L = Viar U Vpair and R:=VaUV,.

We now prove that ¢ is satisfiable if and only if V(G) can be partitioned into two sets whose
induced subgraphs both have diameter at most 3.

(=) Assume that ¢ is satisfiable, and let 7 be a satisfying truth assignment.
We partition the variable vertices according to 7:

—+
Viar

:={v; | 7(z;) = TRUE}, Vi

va,

. :={vi | 7(z;) = FALSE}.
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We then define
X =V

var
YV i=Vo, UVyuV  Ufu" v}
Clearly, (X,Y) is a partition of V(G).

We show that G[X] has diameter at most 3; the argument for G[Y] is symmetric.
Observe first that in G[X]:

U Vc—li_ U Vp—;ir U {u+,v+},

* is adjacent to every vertex of V.t UVt -

* U var pair’

e v is adjacent to every vertex of fom.

Hence:

e any two vertices of VI are at distance at most 2 via u™

var ?

e any vertex of VI are at distance at most 2 via u™;

e and any vertex of VpJr

air

e any two vertices of Vp';ir are at distance at most 2 via either u™ or v™;

: +
e uT and vT are at distance 2 through any vertex of Viair-
It remains to consider the vertices in V.J. Let ¢; be a positive clause and let z € {a], b/} be
one of its clause vertices. Since the assignment 7 satisfies ¢, the clause ¢; contains some variable
xj with 7(z;) = TRUE. Hence v; € V. and, by construction of G, the vertex z is adjacent to v;.
Therefore
ut —wv; — 2z
is a path of length 2 in G[X]. Thus every vertex of VCJ{ is at distance at most 2 from u™.
Moreover, recall that we assumed |CT| > 2. Hence, besides c;, there exists another positive
clause. By construction, this implies that there is a vertex p € V.". adjacent to z. Since vt is

pair
adjacent to every vertex of V*

bairs We Obtain a path

z—p—ovt
of length 2 in G[X]. Therefore every vertex of VI is also at distance at most 2 from v*. It follows
that every vertex of VI is at distance at most 3 from every vertex of VU Vp‘;ir U {ut, vt}
It remains to consider distances between two vertices of VCJ{ Let 2,2 € VCJ{ If z € Qj and
7 e Qj with @ # 7, then by construction there is a pair vertex in Pf] adjacent to both z and 2’.
Hence
distG[X](z,z’) < 2.

If instead 2,2z’ € Q;, then z and 2z’ are the two clause vertices of the same positive clause

c;. Since T satisfies ¢;, one of the variables of ¢; is set to TRUE; let x; be such a variable. Then
vj € Vb, and both z and 2’ are adjacent to v;. Therefore

var’
) ’
z (% z

is a path of length 2 in G[X], and thus

diStg[X](Z,Z/) < 2.
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Consequently, every two vertices of G[X] are at distance at most 3, and hence
diam(G[X]) < 3.
By symmetry, diam(G[Y]) < 3.

(<) Suppose that V(G) can be partitioned into two sets (X,Y) such that both G[X] and G[Y]
have diameter at most 3. Without loss of generality, assume that vT € X.

Claim 1. v~ belongs to Y.

Proof: The neighbors of v+ are exactly the vertices of V.

air» and the neighbors of v™ are exactly

the vertices of air* Since there are no edges between Vp;r and V; . every path from v™ to v~
must pass through at least another vertex. Hence every such path has length strictly greater than
3. Therefore distg(vt,v™) > 4, so v+ and v~ cannot lie in the same part of a 3-club partition.

Since v € X, we obtain v~ €Y. O
Claim 2. All vertices of VCJ{ belong to X.

Proof: Suppose that some vertex z € V. belongs to Y. Since v~ € Y and G[Y] has diameter at
most 3, we must have distg[y)(z,v~) < 3. But this is impossible: from a vertex of VCJ{ one can only

move to a variable vertex or to a vertex of V.F

oair» While the only neighbors of v™ are the vertices of

Viair and moreover there exists no edge connecting a vertex in Vp';ir u VCT and one in V; . Hence
every path from z to v~ has length strictly greater than 3. This contradiction shows that z ¢ Y,

and therefore z € X. O

Claim 3. Let ¢; € CF be a positive clause, and let x,y, z be the variable vertices corresponding to
the three variables of ¢;. Then at least one of x,y, z belongs to X.

Proof: Let a;r, b;r be the two clause vertices representing c;. By construction the only common
neighbors of a;” and b;" are precisely the three variable vertices z,y, z. If all three belonged to Y,
then none of the common neighbors of a; and b; would belong to X. Therefore, in the induced
subgraph G[X], there would be no path of length 2 between a;-" and bf. Moreover, by the previous
claim, both a;L and bj belong to X. Then, since G is bipartite and a;r and b;L lie in the same
side of the bipartition, every path between them has even length. In particular, they cannot be
connected by a path of length 3. Hence, in G[X], the vertices a;r and bj could not be at distance
at most 3, contradicting the fact that G[X] has diameter at most 3. Thus at least one of z,y, z
lies in X. a

Now define the truth assignment 7 by setting

(z:) TrUE ifv; € X,
T : =
! FALSE ifv; €Y.

By Claim 3, every positive clause contains a variable whose vertex lies in X, and hence a variable
set to TRUE by 7. By the symmetric argument, every negative clause contains a variable whose
vertex lies in Y, and hence a variable set to FALSE by 7. Therefore 7 satisfies ¢.

O

We next extend this hardness result in two steps. First, we show how to pass from partitioning
in 3-clubs to any fixed diameter s > 3 and s # 4. Then we show how to lift the number of partitions
k from 2 to any fixed k > 2.
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Lemma 2. For every odd s > 3 and every even s > 8, (2,s)-PC is NP-complete on bipartite
graphs.

Proof: Membership in NP is immediate. We know by Lemma 1 that (2,3)-PC is NP-complete
on bipartite graphs so we will reduce from that. Let G be an instance of (2,3)-PC on bipartite
graphs and fix an integer s > 3, s # 4,s # 6. We construct in polynomial time a bipartite graph
G’ such that G is a yes-instance of (2,3)-PC if and only if G’ is a yes-instance of (2,s)-PC. We
distinguish two cases.

Case 1: s is odd. Then s = 2¢ + 3 for some integer ¢ > 0. Construct G’ from G by attaching to
every vertex v € V(G) a pendant path of length ¢ and we denote by R(v) the nodes in this path.
Since adding pendant paths preserves bipartiteness, G’ is bipartite.

For every vertex u € V(G’), define p(u) € V(G) as the unique vertex v € V(G) such that either
u=wv or u lies on the path R(v) attached to v.

Assume first that G is a yes-instance of (2,3)-PC, and let (X,Y) be a partition of V(G) into
two 3-clubs. Set

X':=XU|JRw, Y :=YU|JRE).
veX veY

Clearly (X’,Y’) is a partition of V(G’).

We claim that G'[X’] is an s-club. Let u,v € X'. In G'[X'] we can go from u to p(u) along the
attached path, then from p(u) to p(v) inside G[X], and finally from p(v) to v along the attached
path. Hence

distgrx) (u, v) = distgx(u, p(u)) + distgx) (p(w), p(v)) + distarx(p(v),v) < 2¢ + 3 = s.

Therefore G'[X’] has diameter at most s, so it is an s-club. By the same argument, G'[Y’] is also
an s-club. Hence G’ is a yes-instance of (2, s)-PC.

Conversely, assume that G’ is a yes-instance of (2,s)-PC, and let (X', Y”’) be a partition of
V(G') into two s-clubs.

For every v € V(G), let v* denote the leaf of the path attached to v, that is, the vertex of R(v)
farthest from v. Define

X :={veV(Q):v" e X'} Y:={veV(G): v eY'}.

Since each attached leaf belongs to exactly one between X', Y’ then (X,Y) is a partition of V(G).
We show that G[X] is a 3-club. Let u,v € X, u # v. Since by definition u*,v* € X’ and G'[X]
is connected, every u* —— v* path in G’'[X’] must pass through u and v (the attached paths are
pendant). Thus
distgrx(u*,v*) = distgx)(u, v) + 2¢.

Because G'[X'] is an s-club and s = 2¢ + 3, we obtain
distgx)(u, v) = distgxq(u*,v*) —2¢ < 5 —2¢ = 3.

Hence G[X] is a 3-club. Similarly, G[Y] is a 3-club. Therefore G is a yes-instance of (2,3)-PC.

Case 2: s is even. Since s > 8, we have that s = 2¢q + 6 for some integer ¢ > 1. Construct G’
by first subdividing every edge (u,v) of G once, adding a node z,,,, we denote by S the set of
all such vertices and then, similarly as in the previous case, attaching to every vertex v € V(G)
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a proper path of length q. We denote by R(v) the nodes in this path. Since, both operations
preserve bipartiteness G’ is bipartite.

Assume first that G is a yes-instance of (2,3)-PC, and let (X,Y) be a partition of V(G) into
two 3-clubs. Define

Sy :={xuy € S :u,v €Y},

Then set
X' :=XU|]JRw)U(S\Sy), Y :=YU[]JR@)USy.
veX veY
Clearly (X',Y”) is a partition of V(G’). For every vertex u € X', let p(u) be a vertex of X at

minimum distance from u in G’. If there is more than one such vertex, choose p(u) arbitrarily
among them. Notice that

0, if u € X,
disterx(u, p(u)) = 9 1, if ue (S\ Sy),
distgrx(u,v) <¢q, if u € R(v) for some v € X.

Hence, distg/x/(u, p(u)) < q as ¢ > 1. Moreover, for any two vertices u,v € X', we have that
disterx/(p(u), p(v)) = 2distgx)(p(u), p(v)) < 6 as by construction both p(u), p(v) € X and G[X]
is a 3-club.

Let u,v € X’. We have

disterx(u,v) < distgxq(u, p(u)) + distgx(p(w), p(v)) + distexq(p(v),v) < 2¢+6 = s.

Therefore G'[X’] has diameter at most s, so it is an s-club. By the same argument, G'[Y”] is also
an s-club. Hence G’ is a yes-instance of (2, s)-PC.

Conversely, assume that G’ is a yes-instance of (2,s)-PC, and let (X’,Y’) be a partition of
V(G') into two s-clubs.

For every v € V(G), let v* denote the leaf of the path attached to v, that is, the vertex of R(v)
farthest from v. Define

X :={veV(Q):v" e X'}, Y:={veV(G): v eY'}.

Since each attached leaf belongs to exactly one between X', Y”, then (X,Y) is a partition of V(G).

We show that G[X] is a 3-club. Let u,v € X, u # v. Since by definition u*,v* € X’ and G’'[X’]
is connected, every u* —— v* path in G’[X’] must pass through v and v (the attached paths are
pendant). Thus

diStG/[X/] (u*, U*) = diStG/[X/] (u, ’U) + 2(] =2 diStg[X] (u, ’U) + 2(]

where the last equality follows by the construction of G’ from G. Because G'[X’] is an s-club and
s = 2q + 6, we obtain distg(xj(7,y) < 3. Hence G[X] is a 3-club. Similarly, G[Y] is a 3-club.
Therefore G is a yes-instance of (2, 3)-PC. O

Theorem 1. For every fized k > 2 and every fixved odd s > 3 or even s > 8, the (k, s)-PC problem
is NP-complete.
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Proof: Membership in NP is immediate. We know by Lemma 2 that (2, s)-PC is NP-complete on
bipartite graphs so we will reduce from that. If disconnected input graphs are allowed, then the
result follows immediately by adding k — 2 isolated vertices, each of which must form a singleton
part in any feasible partition. If one wants to keep the graph connected, we use a slightly different
gadget.

Let G = (V, E) be a bipartite graph. Construct a graph G’ = (V’, E') as follows:

e Choose an arbitrary vertex v € V.

e Attach to v a path P on (s + 1)(k — 2) vertices, denoted by
P= w1, W2, ... 7w(s+1)(k—2)7
by adding the edge (w(s41)(k—2),v)-

The resulting graph G’ remains bipartite, and the construction is polynomial.
(=) Suppose G admits a (2, s)-partition X,Y such that G[X], G[Y] are s-clubs. In G’ we keep X
and Y for the vertices of V(G) and assign consecutive segments of length s (i.e. of s + 1 vertices)
of the path P to k — 2 partitions. Each segment has diameter s so all induced subgraphs have
diameter at most s. Thus G’ admits a (k, s)-partition.
(<) Conversely, suppose G’ admits a (k, s)-partition P = {V3,...,V;}. Consider the path P and
its vertices w; with position (s + 1)i + 1, with 0 < ¢ < k — 3. Any two of these vertices are at a
distance greater than s and thus these k — 2 vertices must belong to different s-clubs. Moreover, no
vertex of G can be in the same partition with any of these vertices. Indeed, the smallest distance
from a vertex of G to these w; is between v and w(,41)(—3)+1 Which is s + 1. Thus k — 2 sets of
the partition are used for P, leaving 2 sets for the vertices of G. Restricting the partition P to V
gives a (2, s)-partition of G.

Hence G is a yes-instance of (2, s)-PC if and only if G’ is a yes-instance of (k, s)-PC. Therefore
(k, s)-PC is NP-complete on bipartite graphs a

4 Hardness of (¢,s5)-MAX-DCC problem

4.1 The (t,3)-MAX-DCC problem

In [12] it was proven that (2,3)-MAX-DCC can be solved in polynomial time and the complexity
of (3,3)-MAX-DCC was posed as an open problem. In this section we prove that (¢,3)-MAX-
DCC is APX-hard for any fixed t > 8, even in bipartite graphs. We will use the following problem,
which was proven to be NP-hard to approximate in [7].

Maximum 2 Bounded 3-Dimensional Matching problem (Max-2B3DM)

Instance: A set M C X xY x Z of ordered triples where X, Y and Z are disjoint sets
and the number of occurrences in M of an element in X, Y or Z is bounded
by constant 2.

Required: ~ The largest matching M’ C M, that is, the largest subset such that no two
elements of M agree in any coordinate.

To prove that (¢,3)-MAX-DCC for t > 8 is NP-hard, and to derive its inapproximability bound,
we give an L-reduction from Max-2B3DM.
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To make the paper self-contained, we recall the definition of an L-reduction and the approximation-
preserving property that we will use. For more details on L-reductions, see [20].

Given an instance I of an optimization problem A, let opt(I) denote the value of an optimal
solution for I.

Definition 1. Let A and B be two optimization problems with objective functions c¢i1 and cs,
respectively. We say that there is an L-reduction from A to B if there exist constants a, 5 > 0
such that:

1. for each instance Iy of A, one can compute in polynomial time an instance Iy of B;

2. if I is an instance of A and Iy is the corresponding instance of B, then

opt(Iz) < aopt(lL);

3. given any feasible solution so for Is, one can compute in polynomial time a feasible solution
s1 for I such that

lopt(I1) — e1(s1)] < B|opt(L2) — ca(s2)|.

For maximization problems, we say that an algorithm is an r-approximation, with » > 1, if it
always returns a feasible solution of value at least opt(I)/r. We will use the following theorem,
which is equivalent to Theorem 16.5 in [20].

Theorem 2. Suppose there is an L-reduction with parameters a and 5 from a mazimization
problem A to a mazimization problem B. If there is an r-approximation algorithm for B, then
there is a ﬁ-appmm’mation algorithm for A.

We begin by describing the reduction. Let M = {C},Cq,...,Cy,} be an instance of the Max-
2B3DM problem, where each C; is an ordered triple in X x Y x Z. Fix a constant ¢t > 8. We
construct a bipartite graph G35 = (V1, Va2, E), as follows:

Vi =XUYUZU/{a;|i€[m]}
‘/2 :{Ci | i€ [m]} U {hiJ' |’L€ [m],] c [t*5]}
B ={(cranliem}{@nliemlict-s5} | Fe

1€[m]

where B¢, = {(¢,2),(¢i,y), (¢i, 2)} for each triple C; = (z,y,2) in M. As an example see
Figure 2.

Claim 4. The graph Gr,t,3 can be constructed in polynomial time, is bipartite and has mazimum
degree t — 4.

Proof: It is easy to see that G +3 can be constructed in polynomial time. Then by construction
V1 and V5 form a bipartition as there are no edges within the sets V3 and V5. Furthermore, for
every ¢ € [m], the vertex ¢; has degree 4, a; has degree t — 4, and for every j € [t — 5], the vertex
hi; has degree 1. Finally, every vertex v € X UY U Z has degree 2, by the definition of the
Max-2B3DM problem. a

We need the following lemma.
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hig hig his  hyy hos hog hs1 hss hss
ai az as
C1 C2 c

€1 €2 'A% Y2 21 Z2

Figure 2: The graph G/ 8 3 obtained when the instance of Max-2B3DM problem is the set M =
{($17y1,21)7 ($2,y1721) ($17y2,22)}-

Lemma 3. In the graph Gas+3, all 3-clubs are of size at most t, with t > 8, and the only 3-clubs
of size exactly t are of the form Nlc;|U{h;; |j € [t—>5]} for1<i<m.

Proof: To prove this lemma, we will show that any 3-club in Gjs+ 3 either contains exactly ¢
vertices or has at most 7 vertices (with 7 < t). Clearly the subgraphs of G+ 3 induced by
Nlc;JU{hi | j € [t — 5]} for 1 <i < m are 3-clubs of size ¢. To simplify the analysis, we classify
the vertices in G ¢,3 into four distinct sets: the vertices in W = X UY U Z, the vertices in C' =
{c1,...,em}, the vertices in A = {a1, ..., an}, and the vertices in H = {h; ; | i € [m], j € [t —5]}.

Let S be a 3-club in Gar,3. We will now show that if S contains at least two vertices from C
then |S| < 7 < t. We make the following considerations regarding the composition of the vertices
in S.

e the number of vertices in S N H is zero. Note that such 3-club cannot include any vertices

from H, as a vertex in H would be at a distance of at least 4 from one of the two vertices in
C.

e the number of vertices in S N C is at most 3. Suppose on the contrary there are 4 vertices
from C| say c¢1, ¢2, c3 and ¢y, For S to be a 3-club, there must be a vertex from SNW adjacent
to each pair of the ¢; (i € [4]) vertices. Let u be the vertex S N W adjacent to ¢; and cg,
and v be the vertex from S N W adjacent c3 and ¢4. The vertices u and v are at distance
at least 4 in Gpz4.3[S] because N[u] N N[v] = @ as all vertices from W have degree 2. This
contradicts the assumption that S is a 3-club.

e The number of vertices in S NW is at most 4. Suppose on the contrary that |SNW| > 5,
and let U C SN W be a set of five such vertices. At least one vertex u € U has degree 1 in
Gart,3[5]. Indeed, otherwise the vertices of U would contribute at least 10 edges to vertices
in SN C, while, as shown above, |S N C| < 3 and each vertex of C is adjacent to at most
three vertices of W.

Let c be the unique neighbor of v in SN C. Since G453 is bipartite and u and all vertices
of W lie on the same side of the bipartition (since W C V7), any path from u to another
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vertex of W has even length. Therefore, for a vertex of S NW to be within distance at most
3 from w, it must in fact be at distance at most 2 from u, and hence it must be adjacent to
c. But by construction c¢ is adjacent to at most three vertices of W in total. Thus at most
three vertices of SN W can be within distance at most 3 from u, contradicting |S N W] > 5.
Hence [SNW| < 4.

Given the above, if SN A = () then trivially the 3-club cannot have more than 7 vertices. Now
assume that SN A # (0. Notice that it must hold | SN A| = 1, since any two vertices in SN A would
be at distance at least 4 from each other. Let a; € SN A, then the vertices in W that a; can reach
with a path of length at most three are the ones adjacent to ¢;. Thus |S N W/| < 3 and the total
number of vertices in the 3-club remains bounded by 1 +3+3=7. a

Theorem 3. Let t be a constant with t > 8. It is NP-hard to approzimate the solution of (t,3)-
MAX-DCC within a factor of g—i, even for bipartite graphs with a constant mazimum degree of
t—4.

Proof: Let G, 3 be the graph obtained from an instance M of Max-2B3DM, for a given fixed ¢,
with ¢ > 8. By Claim 4 we have that G+ 3 can be constructed in polynomial time, has maximum
degree of t — 4 and is bipartite. We prove now that from a matching of k£ > 1 triples in M, we
can always obtain, in polynomial time, a disjoint cover with (¢, 3)-clubs that covers ¢ - k vertices in
G,1,3- Moreover, for every disjoint cover of Gaz,.,3 with (¢, 3)-clubs that covers k vertices in Gy 3
it is possible to obtain in polynomial time a matching of % triples in M (note that by Lemma 3
we have that k is a multiple of t).

Let S ={C1,...C} be a subset of k triples from M that correspond to a matching. We define
for each i € [k] the following set in Gy 3.

!
S; ={x,y,z,¢i,ai,hi1 .. hit—5}

Notice that S} is obviously a 3-club of size ¢ and, since the triples in S form a matching, it follows
that S} NS} = 0 for any i # j. Thus, S,S5,...,5) form a disjoint cover with (t,3)-clubs that
covers t - k vertices of Gz ¢,3.

Let now 51,5, ...,S, be a disjoint cover with (¢, 3)-clubs that covers k vertices in Gas3. By
Lemma 3, we know that this cover is the union of % disjoint 3-clubs, each containing t vertices of
the form N¢;]U{h; ;| j € [t — 5]} for some 4, 1 < i < |M| where ¢; corresponds to a triple (z, vy, 2)
in M. To obtain the % triples in M corresponding to a matching, it is enough to take the triples
corresponding to the % disjoint 3-clubs from S.

We therefore have an L-reduction with a =t and 8 = } from Max-2B3DM to (¢, 3)-MAX-
DCC. In [8], it was proven that for Max-2B3DM, achieving an approximation factor better than
22 is NP-hard. Therefore we deduce the same result for (¢,3)-MAX-DCC (see [20] for more
information about L-reductions and in particular Theorem 2. a

4.2 The (t,2)-MAX-DCC problem

In [12] it was proven that MAX-DCC(3,2) is APX-hard and the complexity of Maz-DCC(2,2)
was posed as an open problem. In this section we prove that M AX-DCC(t,2) is APX-hard for
any fixed t > 5, even in bipartite graphs and that M AX-DCC(2,2) can be solved in polynomial
time.

In order to prove that DCC(t,2) problem with ¢ > 5 is APX-hard, we present an L-reduction
from Max- 2B3DM. We begin by describing the reduction. Let M = {C1,C5 ...Cy, } be an instance
of Max- 2B3DM where each C; is an ordered triple in X x Y x Z.
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Figure 3: The graph G52 obtained when the instance of Max-2B3DM problem is the set M =
{($17y1,21)7 (332791721) (xhyz,zz)}-

Fix a constant ¢ with ¢ > 5. We construct a bipartite graph G2 = (V1, Ve, E), as follows:

% :XUYUZU{hZ”l S [m], j € [t—4]}
Vo ={eill <i < |MJ}

E={(ci,hij)iemljelt—4} |J Ec

1€[m]

where E¢, = {(ci, x), (¢, y), (e, z)} for each triple C; = (z,y,2) in M.
As an example see Figure 3.

Claim 5. The graph G2 can be constructed in polynomial time, is bipartite and has mazimum
degree t — 1.

Proof: It is easy to see that G+ 2 can be constructed in polynomial time. Then by construction
V1 and V5 form a bipartition as there are no edges within the sets V3 and V5. Furthermore, for
every i € [m], the vertex ¢; has degree t — 1 and for every j € [t — 4], the vertex h; ; has degree 1.
Finally, every vertex u € X UY U Z has degree 2, by the definition of the Max-2B3DM problem.

O

Lemma 4. In the graph Gat2, all the 2-clubs are of size at most t, with t > 5 and the only
2-clubs of size exactly t are of the form Nlc;] for 1 <i < |M].

Proof: To prove the claim, we will show that any 2-club in Gas¢2 either contains exactly ¢
vertices or has at most 4 vertices (with 4 < t). Clearly the subgraphs of G2 induced by N|¢;]
for 1 <4 < m are 2-clubs of size t.

To simplify the analysis, we classify the vertices in Gs+,2 into three distinct sets: the vertices in
W = X UY UZ, the vertices in C' = {¢; ... ¢} and the vertices in H = {h; ;|i < [m], j € [t —4]}.
Let S be a 2-club in Gyrt,2. We will now show that if S contains at least two vertices from C then
S| <4<t

Note that the number of vertices in SN H is zero as a vertex in H of Gy 4,2[S] would be at distance
of at least 3 from one of the two vertices in C. Furthermore, in Gjr,;,2[S] each vertex in SNC must
be adjacent to each vertex in S N W. Consequently, S forms a complete bipartite graph having
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SNC and SNW as independent sets. The degree of the vertices in S NW is at most two thus S
can have at most 4 vertices (two in .S N C and two in S NW). O

Theorem 4. Let t be a constant with, t > 5. It is NP-hard to approximate the solution of (t,2)-
MAX-DCC to within g—i even for bipartite graphs of degree at mostt — 1.

Proof: Let G2 be the graph obtained from an instance M of Max-2B3DM, for a given fixed
t, with ¢ > 5. By Claim 5 we have that G2 can be constructed in polynomial time, has a
maximum degree of ¢t — 1 and is bipartite.

We prove now that from a matching of k > 1 triples in M, we can always obtain in polynomial
time, a disjoint cover with (¢, 2)-clubs that cover ¢-k vertices in Gs,¢,2. Moreover, for every disjoint
cover of G'yr+,2 it is possible to obtain in polynomial time a matching of % triples in M (note that
by Lemma 4 we have that k is a multiple of ¢).

Let S ={C1,...Ck} be a subset of k triples from M that correspond to a matching. We define
for each i € [k] the following set in G2

SZ = {l’,y, Z, Ci, hi’l te hi’t74}

Note that S/ is obviously a 2-club of size ¢ and, since the triples in S form a matching, it follows
that S} NS = @ for any i # j. Thus S7, S5, ... S, form a disjoint cover with (t,2)-clubs that cover
t - k vertices of Gps¢,2.

Let now S1,S2,...5, be a disjoint cover with (¢,2)-clubs that cover k vertices in Gz 2. By
Lemma 4, we know that this cover is the union of % disjoint 2-clubs, each containing ¢ vertices of
the form NJ¢;]. for some i,1 < i < |M]|. where ¢; corresponds to a triple (z,y, z) in M. To obtain
the % triples in M corresponding to a matching, is enough to take the triples corresponding to the
% To obtain the % triples it is enough to take the triples corresponding to the % disjoint 2-clubs
from S.

We therefore have an L-reduction with a =t and 8 = } from Max-2B3DM to (¢,2)-MAX-
DCC. In [8], it was proven that for Max-2B3DM, it is NP-hard to achieve an approximation factor
of 3—2. Thus, from Theorem 2, we deduce the same result for (¢,2)-MAX-DCC. O

In [12], it is shown that for any s > 3 (2, s)-MAX-DCC is solvable in linear time. The authors
leave the problem of determining the complexity of (2,s)-MAX-DCC as an open problem. We
prove the following ideas similar to the one in [12].

Theorem 5. (2,2)-MAX-DCC can be solved in linear time.

Proof: Let G be the input graph for (2,2)-MAX-DCC . We will prove the claim by describing a
linear algorithm that produces a cover of disjoint (2,2)-clubs that covers the maximum number of
vertices of G. Consider the graph G’, obtained by removing the isolated vertices from G. Note that
isolated vertices cannot be covered by a (2,2)-club, so they can be disregarded. We can assume
that G’ is connected as otherwise, we apply the following procedure to each connected component.

From G, construct a rooted spanning tree Ti/. This can be done in linear time see [9]. Notice
that Tgr has a height of at least one as G’ has no isolated vertices. Thus, let x be a vertex of
T at maximum level and let y be the parent of . Consider the subtree T}, rooted at y. Clearly,
T, contains at least 2 vertices. Moreover, as x has maximum level then T}, is of height 1 and all
vertices in this subtree are at a distance at most 2 from each other. Hence, the set Sy of vertices
in T, form a (2,2)-club. We add S; to the solution and remove T, from T¢. The remaining tree
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is still connected, so we can iterate the process until either we reach an empty tree or we reach a
tree consisting of a single vertex. In the latter case, let s be this vertex and let S; be the (2, 2)-club
added to the solution by the last iteration. Notice that s is at distance 1 from the root of this
subtree and at distance 2 from any vertex of S;. Therefore, we can add s to S; and still have
a (2,2)-club. In the end the solution obtained is a cover of all the vertices of G’ with disjoint
(2,2)-clubs and thus is a solution for (2,s)-MAX-DCC on G. O

5 Open problems

Several problems remain open in the context of bipartite graphs. Specifically, the cases of (¢,4)-PC
and (¢,6)-PC for any ¢ > 2 remain unsolved.

Regarding the second problem, for s = 3, the complexity of the (¢,3)-MAX-DCC problem is
still open for 3 < ¢ < 7. Similarly, for s = 2, the case of (4,2)-MAX-DCC remains unsolved.
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