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Abstract. This paper describes a new, simple algorithm for computing a maximum
weight induced forest in a circle graph. The algorithm requires O(n3m) time and O(n?)
space. In the unweighted case, an algorithm operating in O(n?*mk) time and O(nk?)
space is described, where k is the cardinality of a maximum induced forest in the circle
graph. The previously described algorithms require O(n”) time and O(n3) space. The
new algorithm is simple to describe and implement within the stated bounds. We also
note the existence of an (impractical) O(n*586) time algorithm in the unweighted case.

1 Introduction

A circle graph is an undirected (finite, simple) graph that is isomorphic to the intersection graph of
some finite set of chords drawn in a circle [17]. Figure 1 gives an example graph. Circle graphs have
found applications in VLST design [7, 28], RNA secondary structure and folding [6, 24], container
stowage [2], register allocation [11] and computational chemistry [3]. Further background on circle
graphs and related graph classes is given by Golumbic [18] and Spinrad [27].

Several problems that are N P-Complete for general graphs can be solved in polynomial time
for circle graphs. For example, for an n vertex circle graph, a maximum clique can be found in
O(nlog?®d) time [29] and a maximum independent set can be found in O(nmin{d, a}) time [23].
Here d = O(n) is parameter of the circle graph’s representation known as its density, while «
denotes the cardinality of a maximum independent set.

Other problems, such as Hamiltonian cycle, minimum dominating set and computing the chro-
matic number of a circle graph are known to be N P-Complete [9, 21, 30]. Gavril [14, 15] showed
that a maximum induced forest of a circle graph can also be computed in polynomial time, by
describing an algorithm requiring O(n") time and O(n?®) space.

The contribution of this paper is a simple algorithm requiring O(n3m) time and O(n?) space
to compute a maximum weight induced forest of an n vertex circle graph having m edges. For
an unweighted circle graph having maximum induced forests of cardinality k, an O(n?mk) time
algorithm is also noted, requiring O(nk?) space.
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9 1 [6, 9]

Figure 1: From left-to-right, a chord model of a circle graph, the circle graph itself, and an
interval model of the circle graph. Each chord of the chord model corresponds to a vertex of
the circle graph. Similarly each interval corresponds to a vertex of the circle graph. There is an
edge between two vertices of the circle graph if and only if the corresponding two chords in the
chord model intersect. Moreover, two chords of the chord model intersect if and only if the two
corresponding intervals in the interval model intersect without one containing the other.

The existing algorithm of Gavril [14] for computing a maximum weight induced forest of a circle
graph operates by computing a maximum weight independent set of a suitably defined interval-
filament graph [13], the algorithm in this paper operates by constructing explicit recurrences for
the problem directly on an interval model of the circle graph. This is arguably simpler, allows
re-use of several key maximisations and leads to a more efficient algorithm.

2 Preliminaries

An arbitrary graph of n vertices and m edges can be recognised as a circle graph in O(n + m)
time [25]. The first polynomial time circle graph recognition algorithms ranged in time from O(n7)
to O(n?) time [4, 12, 22]. These algorithms operate in terms of the split decomposition [8] of the
input graph. Improvements to this technique lead to an O(n?) recognition algorithm [26], followed
much later by the first subquadratic algorithm [16], and finally the recent linear time algorithm
[25]. The output of these recognition algorithms is a representation of the circle graph as a set of
chords, or, equivalently, as a set of intervals on the real line. Figure 1 illustrates. Note that such
so-called chord models or interval models of a circle graph are not necessarily unique, see [16, 25].

In this paper, we assume that a set of n intervals I(G) with distinct end-points chosen from
integers in [0,2n — 1] is given. We refer to I(G) as an interval model of G. The corresponding
circle graph, G, has a vertex for each interval in I(G), and an edge between two vertices when
the corresponding intervals intersect, but neither contains the other. We say that any two such
intervals overlap.

Given a node, u, in a circle graph G, we denote by i(u) = [€,, ], the corresponding interval
in I(G), and its given arbitrary real numbered weight as w(u). We write i(u) C i(v) when interval
i(u) is contained set-wise in i(v), and we say i(u) is contained in i(v). If either i(u) C i(v) or
i(v) Ci(u), we say u and v are nested.

An induced forest F' in G is an acyclic induced subgraph of G. Given two nodes u, v in such
an I, we say that v is a right-child of w if (v) contains only r,, and not ¢,. Similarly, we say v is
a left-child of w in F' if ¢(v) contains only ¢, and not r,. Nodes in the forest may have multiple
children, as Figure 2(a) illustrates.

In addition, we refer to the set of nodes connected to w in F' via a right-child as the right
descendants of u, and denote them by R(u), and similarly we refer to left descendants, and denote
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them L(u). For a node u, we denote all its descendants by D(u), that is, D(u) = L(u) U R(u).

A maximum induced forest in an undirected graph G is the largest set of vertices that can be
chosen in G such that the induced subgraph is acyclic, and it is equivalent to finding the minimum
feedback vertex set of GG, that is, the smallest set of vertices in G whose deletion yields an acyclic
graph. The latter problem is N P-Complete in general [20]. Gavril [14] described an O(n7) time
and O(n?) space dynamic programming algorithm for computing a maximum induced forest of a
circle graph.

We next note several properties of circle graphs that our algorithm relies upon, re-using the
notion of an oriented induced forest from [14]. We provide proofs below in order to give a self-
contained account.

Without loss of generality, the algorithm produces an oriented maximum induced forest:

Definition 1. An induced forest of a circle graph G is oriented, if and only if, the root of each
tree in the forest corresponds to the interval in I(G) with smallest left end-point in that tree.

Perhaps the simplest consequence of this definition is the following;:
Lemma 1. The root of any tree in an oriented forest has no left descendants.

Proof: Suppose that the root r has a left descendant. Then the first node on the path from r to
that descendant is a left child v of r, and so ¢, < ¢,. This contradicts the choice of r as the node
with smallest left end-point in its tree. a

Lemma 2. For any node in an induced forest of a circle graph, all the intervals corresponding to
the left children of that node are nested, and similarly for the right children. Figure 2 illustrates.

Proof: Consider an induced forest F' of a circle graph. Let a be a node in F' with two right children
¢1 and ¢. There cannot be an edge between ¢; and c¢g, since F' is acyclic. So i(c1) and i(ce) must
either be disjoint, or one must contain the other. But i(c1) and i(c2) both contain r, and so they
cannot be disjoint. Thus they are nested. The same argument applies to two left children. a
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(a) An interval model of a circle graph, with a (b) A maximum induced forest for the interval
distinguished as root of an induced forest, noting model of (a), with a as root with left children
that intervals corresponding to left and right chil- L1, L2, L3 and right children R1, Ra, Rs.

dren must be nested within each other.

Figure 2: The nested property of children, noted in Lemma 2.

We shall also use the following property of oriented induced forests, which is Lemma 1 of Gavril
[14]. We include a proof in our terminology.
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Fact 1. Let w be a node of an oriented induced forest of a circle graph, and let d € D(w). Then
i(w) ¢ i(d).

Proof: Suppose, for a contradiction, that i(w) C i(d). Let r be the root of the tree containing w,
and write the path from w to r as w = o, 21, ...,z = r. We show by induction that i(x;) C i(d)
for every j.

The claim is true for j = 0 by assumption. Suppose that i(z;) C i(d) for some j < k. Since x;
and x4 are adjacent, their intervals overlap. Therefore i(d) intersects i(z;+1). The intervals i(d)
and ¢(z;41) cannot overlap, since the resulting edge from d to x;1, together with the tree path
between these nodes, would create a cycle. Moreover, i(d) cannot be contained in i(x;41), since
then i(z;) C i(d) C i(z;41) contradicting the fact that i(z;) and i(xj41) overlap. It follows that
i($j+1) C Z(d)

Thus i(r) C i(d). In particular, 4 < £,., contradicting the fact that the root of an oriented tree
has the smallest left end-point in that tree. a

The following lemma is useful in decomposing the problem of computing a maximum induced
forest of a circle graph:

Lemma 3. Let x and y be nodes in an induced forest of a circle graph, neither the ancestor of the
other, having lowest common ancestor w. If i(z) C i(y), then every node on the path from x to w,
excluding w, has its corresponding interval contained in i(y).

Proof: Write the path from x to w as zg,z1,...,2, i.e. © = g and w = xx. We show by
induction that i(z;) C i(y) for every j < k. The base case j = 0 is true by assumption. Now
suppose j < k—1 and i(z;) C i(y). Since z; is adjacent to xj;1 in the tree, the intervals i(z;)
and i(z;41) overlap. Hence i(y) intersects i(z;+1). It cannot overlap i(x;+1), because the edge
from y to x;41 would imply the existence of two distinct paths from w to x;41, one including y,
and one excluding y. That is, a cycle. Nor can i(y) C i(xj4+1), since then i(z;) C i(y) C i(z;41),
contradicting the fact that i(z;) and i(z;41) overlap. Therefore i(y) must contain i(z;11). O

Again as simple consequences of the definitions of interval overlap and acyclicity, we derive a
condition that will allow recursing on “inner” sub-trees in the algorithms of Sections 3 and 4:

Lemma 4. Let z be a node of an oriented induced forest of a circle graph, with two right children
uw and v such that i(u) C i(v). Define

p= max({&,} Ulre:ze L(v)}), q= min({rv} U{t, ye R(v)}).

Then every d € {u} U D(u) satisfies i(d) C [p+ 1,q — 1]. The same statement holds when u and v
are both left children.

Proof: We prove the right-child case. We first note that every node in D(v) has its interval disjoint
from i(u). Let ¢t € D(v). The intervals i(t) and i(u) cannot overlap, since the resulting edge from
t to u, together with the tree path between these nodes, would create a cycle. If i(¢) C i(u), then
Lemma 3 would imply i(v) C i(u), contradicting i(u) C i(v). Finally, suppose that i(u) C i(¢).
Since i(u) overlaps i(z), the interval i(¢) intersects i(z). It cannot overlap i(z) without creating
a cycle; it cannot be contained in i(z), since this would imply i(u) C i(2); and it cannot contain
i(z), by Fact 1. Thus i(¢) and i(u) are disjoint.

Now let z € L(v), and let 21 be the first node after v on the path from v to x. Since z; is a
left child of v then ¢,, < £, < £,. Since i(x1) is disjoint from ¢(u), it lies to the left of i(u). Every
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Figure 3: An illustration of Lemma 4. In the forest corresponding to these intervals, z has two
right children u and v, with i(u) C i(v). All the descendants of u are contained on either side by
the descendants of v (or by v itself if it doesn’t have descendants on one side or the other).

subsequent interval on the path is also disjoint from i(u) and overlaps the preceding interval, so the
path cannot pass to the right of i(u). Hence r, < ¢, for every x € L(v). Symmetrically, ¢, > r,
for every y € R(v). Together with i(u) C i(v), this gives i(u) C [p+1,q — 1].

We next show that neither p nor ¢ belongs to any interval i(d) with d € {u} U D(u). Let = be
the node whose end-point gives p, so either x = v and p = ¢, or € L(v) and p = r,. Suppose
that p € i(d). The nodes x and d lie in the distinct branches below v and w, respectively, so their
intervals cannot overlap. Since p is an end-point of i(x) and all end-points are distinct, i(d) cannot
be contained in i(z). Therefore i(x) C i(d). If x = v, then i(v) C i(d) directly. Otherwise, Lemma
3 implies i(v) C i(d). Hence i(u) C i(v) C i(d). This is impossible when d = u, and when d € D(u)
it contradicts Fact 1. Therefore p ¢ i(d). The same argument shows that ¢ ¢ i(d).

We finish by induction on the distance from u. The base case follows from i(u) C [p+1,q — 1]
established above. Suppose that i(s) C [p + 1,¢ — 1] for some s € {u} U D(u), and let d be a child
of s. If d is a left child, then £4 < €5 < rq < rs < . Since p ¢ i(d) and p < €5 < rq, we must have
Lq > p. If d is a right child, then p < £y < £y < rs < rq. Since q ¢ i(d) and £y < rs < g, we must
have r4 < q.

In either case, i(d) C [p+ 1,¢ — 1] and the result follows by induction. 0

The following lemma, which Figure 4 illustrates, allows decomposing the problem of finding an
oriented maximum induced forest with a given root in a circle graph recursively into left and right
sub-problems:

Lemma 5. Let u be a node of an oriented induced forest of a circle graph. Then for any a € L(u)
and b € R(u), the intervals i(a) and i(b) are disjoint.

Proof: We first observe that no right descendant of w can contain ¢,,. A right child of v does not
contain £, by definition. Now let ¢ be a right descendant of w that is not a child of u, and suppose for
contradiction that ¢, € i(t). Then i(¢) intersects i(u). The two intervals cannot overlap, since the
resulting edge from u to ¢, together with the tree path from u to ¢, would create a cycle. Moreover,
i(t) cannot be contained in i(u), since it contains the end-point £,,. Thus i(u) C i(¢), contradicting
Fact 1. Therefore no right descendant of u contains ¢,. Symmetrically, no left descendant of u
contains r,,.
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Now let ¢ be the child of u on the path from w to @, and let d be the child of u on the path
from u to b. Then c is a left child of u, while d is a right child of u.

The intervals i(a) and i(b) cannot overlap, since the resulting edge from a to b, together with
the tree path from a to b through u, would create a cycle. Hence, if they are not disjoint, one must
contain the other.

Suppose first that i(a) C i(b). By Lemma 3, every node on the path from a to u, excluding u,
has its interval contained in (b). In particular i(c) C i(b). Since c is a left child of u, its interval
contains ¢,. Consequently ¢, € i(b), contradicting the fact proved above that no right descendant
of u contains /,,.

The case i(b) C i(a) is symmetric. O

: ()
. ; ()
S ’ 0 0

Figure 4: An example used to give the gist of Lemma 5. The intervals a, b must be disjoint, and
so must their descendants.

We next describe a very simple algorithm that makes use of these properties to compute a
maximum induced forest of a circle graph in O(n%) time and O(n?) space.

3 A New (Naive) Algorithm

Using the lemmas of Section 2 we now derive recurrences that give rise to a new, simple algorithm
for computing the maximum induced forest of a circle graph. Naively evaluating the recurrences
requires O(n%) time and O(n?) space, this is already a slight improvement over Gavril’s algorithm
[14].

We begin by noting simple recurrences that can be used for computing a maximum induced
tree of a circle graph.

Definition 2. Given a circle graph G = (V, E) and an interval model 1(G), let RT[u, L, R], for
b, < L < r, < R, be the weight of a maximum induced tree in G, rooted at uw € V, but not

including w(u) in its weight, using only right descendants of u whose corresponding intervals are
within [L, R)].

Similarly we define LT[u, L, R] for L < ¢,, < R < r,. Next we introduce notation for so-called
eligible left and eligible right children:

Definition 3. Given a circle graph G = (V, E), and an interval model I1(G), then for any interval
i(u) in an induced forest of G, we denote the eligible right children of u by RC(u, L, R), that is,
the set of nodes whose intervals have both end-points within [L, R], and also contain r, but not £,,.
We similarly define LC(u, L, R) as those nodes whose intervals are in [L, R] that contain only ¢,
but not r,,.
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We now show how to compute LT and RT in Lemma 6. Figure 5 illustrates.

Lemma 6.
RT[u,L,R] =  max max ( w(v) + LT[v,L,p]
vERC (u,L,R) pE[ly,ry—1]\ “~~ —_———
q€[ru+1,m0] include v left subtree of v
+ RTW,qR] +RTMup+1q-1]). (1)
right subtree of v inner subtree of u
LT[u,L,R] = max max ( w() + LT[v,L,p)
vELC(u,L,R) pE[ly,Lly—1]\ o~ ———

q€[lu+1,m0] include v left subtree of v
+ RTlo.q,R) +LT[up+1g-1]). (2)

right subtree of v inner subtree of u

with the convention that the value is 0 if no feasible v, p, q exist.

Proof: Consider an oriented (not necessarily maximum) induced tree, T, rooted at node u, where
u and all intervals corresponding to its descendants have both end-points within [L, R]. Since T
is oriented, by Lemma 1 v may only have right children. Assume u has a right child v, then the
subtree rooted at v is comprised of nodes P C L(v) and @ C R(v). Let the corresponding sets of
intervals be P’ and Q’. By Lemma 5, for any a € P’, b € Q’, then aNb = ¢. Thus, if p is the
largest right end-point in P’ (or £, if L(v) = ¢), and ¢ the smallest left end-point in Q' (or r, if
R(v) = ¢), then all intervals in P’ have both end-points within [L, p], and all intervals in Q" have
both end-points within [¢, R]. And so the maximum weight of the subtree rooted at and including
visw(v)+ LT[v, L,p]+ RT[v,q, R]. By Lemmas 2 and 4, all other children of u have intervals with
both end-points within [p+ 1, ¢ — 1], and the maximum weight of this subtree is RT[u,p+1, ¢ — 1].
Thus the maximum weight of the induced tree T', with root u, having chosen v as a right-child is
w(v)+ LT[v, L,p|+ RT|v, q, R] + RT[u,p+1,q—1]. Moreover the subproblems rooted at v in [L, p]
and [g, R], together with the subproblem rooted at w in [p + 1, ¢ — 1] combine to give an induced
tree. It follows that RT[u, L, R] is given by maximising over all possible choices of v, p, g O

Naturally, LT [u, L, R] has an analogous computation in terms of left children.

To compute a maximum induced forest in G, as opposed to a maximum induced tree, we
now define the following, in exact analogy with Definition 2. First we introduce the notion of a
right-forest:

Definition 4. Let F' be an oriented induced forest containing a node u, and let T, be the component
of F' containing u. We call F' a right-forest rooted at u if u is the root of T,,, and every other
component of F either lies strictly to the right of v, or is nested in some node of T, other than
u. A component is nested in a node v if every interval corresponding to a node of that component
is strictly contained in i(v).

Definition 5. Given a circle graph G = (V, E) and an interval model I(G), define RF[u, L, R], for
ueVand b, < L <r, <R, as the maximum total weight of a right-forest rooted at u, excluding
the weight of u, in which every node other than u has its corresponding interval contained in [L, R].

Similarly we define LF[u, L, R] for L < ¢,, < R < 1. Next we define the weight of an oriented
maximum induced forest without reference to a root:
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p<Ty<gq
p root u q
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: U1 :
1 1
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l, L €v1 : 602 EUS Tu T'vg Tvy : Tvy R
~—— ~———
LT [vy, L, p| RT[v1,q, R]
[— root % wmmm chosen child vq other right children or descendants ]

Figure 5: An illustration of how Recurrence 1 requires choosing a right child of some interval u,
solving the left-tree problem LT within u, solving the inner-tree problem within that child, and
solving another right-tree problem to the right of the child. For example, after attaching v; as a
child to u in the maximum induced tree, it may be that then vy (and in turn vs) is attached as a
result of solving the inner subproblem.

Definition 6. Given a circle graph G and an interval model I(G), define Bla, R] as the weight of
an oriented mazimum induced forest in G with all corresponding intervals having both end-points
within [a, R].

The weight of a maximum induced forest in the corresponding circle graph is then B0, 2n — 1].
The following simple Lemma shows how a recurrence can be used to compute B

Lemma 7.

Bla. Rl = B8 o ety (w(”) + Bllut1, o] + RFfu, s+1, R]) (3)

Proof: Consider an oriented (not necessarily maximum) induced forest F', with all intervals in
[a, R], with node u chosen as the root of the tree with smallest left end-point. Assume the right
descendants of u are all within [s 4+ 1, R] for some s € [{,,r, — 1]. The largest weight of the
induced forest including these right descendants of u is RF[u,s + 1, R]. Since u has smallest left
end-point, it has no left descendants, and the maximum weight induced forest of all other nodes
(corresponding to intervals in [¢, + 1,s]) is simply B[l + 1,s]. Thus we can compute Bla, R]
simply by maximising over choices of u, s. O

To now compute RF[u, L, R], a recurrence exactly analogous to Recurrence 1 is used.
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Lemma 8.

RFu,L,R] = max{ Blr, + 1, R],

LF[v,L,p| + RF[v,q, R] + RFu,p + 1, —1) L«
By ey (200 Lo L4 RET o 4 R 4 g } W
qE[ru+1,my

Proof: Consider an optimal solution to the subproblem RF[u,L,R]. If no right child of u is
chosen, then nothing remains to be placed in the interval window [L,r,]. The remaining solution
is therefore simply an oriented induced forest whose intervals lie in [r,, + 1, R], and its maximum
weight is B[r, + 1, R].

Now suppose that u does have at least one right child. By Lemma 2, the right children of u
are nested, so there is a unique outermost right child v, namely the one whose interval contains
the intervals of all the other right children of u. Let P = L(v) and Q = R(v) inside the chosen
solution, and define

p= max({&,} U{ry:x € P}), q= min({rv} U{l,:ye Q})

By Lemma 5, every interval belonging to P is disjoint from every interval belonging to Q.
Hence all vertices of P lie in [L, p], and all vertices of @ lie in [¢, R]. Moreover, by Lemma 4, every
node belonging to the subtree of any other right child of u lies in [p+ 1,¢q — 1].

Thus the solution splits into four parts:

w(v) + LFv,L,p + RF|v,q, R] +  RF[u,p+1,q—1]
~—~— —— —_———
choose v everything on the left of v everything on the right of v the remaining inner part of u

Moreover the subproblems combine to produce an induced forest, and taking the maximum
over these possibilities gives the recurrence. a

LF is again exactly analogous. For completeness we give the definition:
LF[u,L,R] = max{ Bll, + 1, R],

LFv,L RF LF 1,g—1]) . (5
UELI&%},(LR) pe[gl,%f—ﬂ <w(v) + LE[v, L.pl + RF[v. ¢, B] + LF[u,p + 1,9 D} (5)
qE[‘eu"Flﬂ'v]

These recurrences can be directly evaluated in O(n%) time and O(n?®) space: There are O(n?)
entries and the maximisation over v, p, ¢ requires O(n?®) time per cell. The next section notes that
it is very simple to improve this to O(n3m) time also in O(n?) space.

4 An O(n*m) Time Algorithm

An O(n®m) time algorithm can be obtained simply by re-using the inner maxima in Recurrences
3, 4 and 5. The following facts are merely substitutions of inner terms within these recurrences.
That is we define:
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Glu,Rl= max (w(u)+ B[l,+1,s]+ RF[u,s+1,R]) (6)

SE[Ly,ry—1]

And so we can re-write Recurrence 3 as:

Bla,R]= max G[u,R 7

[a, R] (02X [u, R] (7)

Thus, all values of G, and B can be computed in O(n?) time. Similarly, we can define, for a node
u having right child v, and [, <p <r, <R

MR[u,v,p,R] = max ](RF[v,q,R]+RF[u,p+1,q—1]) 8)

qE[ru+1,my

We re-write Recurrence 4 as:

F L = Blry 13 ) LF 7L> M IREY )
RF|u, L, R] max{ [ru+1, R] UERIC;I(%RME%%_”(w(v)+ [v, L, p]+ R[uva])} 9)

Both MR and RF can be evaluated in O(n®) time. M R need only be stored for a single parent,
u, and child v, pair at a time and so it requires only O(n?) space in total. Similarly, LF can be
evaluated in O(n®) time. Algorithm 1 shows a concrete evaluation order of these recurrences to
compute a maximum induced forest of a circle graph. We show the evaluation of MR and RF
in Algorithms 3 and 2, we omit the symmetrical evaluation of ML and LF. With reference to
Algorithm 1 we obtain:

Theorem 1. A mazimum weight induced forest of an n vertex circle graph G = (V, E), m = |E|
can be computed in O(n®>m) time and O(n3) space.

Proof: Fix a value of R in Algorithm 1. For a fixed node u with r, < R, Algorithm 2 computes
MR[u,v,p, R] for all v € RC(u, 0, R) and all feasible p. For each such v, the loop over ¢ has length
O(n) and the loop over p has length O(n), so the total time spent by Algorithm 2 for this w is
O(n?|RC(u,0, R)|).

Similarly, for fixed u and R, Algorithm 3 computes all values RF[u,L,R]. For each v €
RC(u,0, R), the loop over p has length O(n) and the loop over L has length O(n), and so Algorithm
3 also requires O(n?|RC(u,0, R)|) time for this u.

Summing over all nodes u with r, < R, the total time spent by Algorithms 2 and 3 for this
fixed Ris O(n* Y,y |[RC(u,0, R)|). Now for any edge in the circle graph between vertices u and
v, at most one of the following conditions holds:

e u € RC(v,0,R) and v ¢ RC(u,0, R), or
e v € RC(u,0,R) and u ¢ RC(v,0, R)

Therefore ), .y |[RC(u,0,R)| counts every edge in the circle graph at most once. That is,
> wey [RC(u,0,R)| < m and so the total time spent by Algorithms 2 and 3 for this fixed R
is O(n’m).

By symmetry, the same bound holds for the left-sided computations performed by Compute-ML
and Compute-LF. Finally, Algorithm 4 spends only O(n) time for each u, and hence O(n?) time
for each fixed R. Thus, for each fixed R, the total time is O(n?m). There are O(n) possible values
of R, and therefore the total running time of Algorithm 1 is O(n®m).
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For the space bound, the tables RF and LF each have O(n?) entries, while B has O(n?) entries.
The temporary tables M R and M L are computed for one fixed pair u, R at a time and each uses
only O(n?) space. Hence the total space usage is O(n?). O

In the unweighted case, we also note that a maximum cardinality induced forest of a circle graph
may be computed in O(n?mk) time, where k is its cardinality. This is because the terms in the
inner-most maxima over s, q and p in Recurrences 6, 8 and 9 respectively, are monotone sequences
of at most k distinct values. A simple implicit representation of the sequences involved immediately
allows computing these maxima in O(k) time with O(k?) space per vertex, thus O(nk?) space in
total is required in the unweighted case. In the next section, we sketch a more efficient algorithm
for the unweighted case.

5 A Subquintic Time Algorithm

When m = ©(n?), the algorithms of Section 4 require O(n®) time. For this dense case, we now
briefly note an asymptotically more efficient o(n®) time algorithm for finding an unweighted maxi-
mum induced forest in a circle graph, and more generally when all vertex weights are nonnegative
integers bounded by O(1).

This is achieved by suitably batching work and appealing to monotone min-plus products
[5, 10, 19]. The resulting algorithm is neither simple to implement nor practical, however. We
describe our results in terms of maz-plus matrix products as it matches the recurrences of Section
4. We write ® for max-plus matrix product:

(A ® B)i,j = m]iiX{Ai,k + BkJ}.

Lemma 9. For fized v and R, ¢ — RF[v,q, R] is nonincreasing. For fizedv and p, L — LF[v, L, p)
1§ monincreasing.

Proof: Increasing ¢ shrinks the feasible set of intervals contained in [¢, R], and similarly increasing
L shrinks the feasible set of intervals contained in [L,p]. Therefore the corresponding optimum
value cannot increase. O

Theorem 2. If all vertex weights are nonnegative integers bounded by O(1), then a maximum
weight induced forest of a circle graph can be computed deterministically in time O(n(7+‘*’)/2+"(1))
[5, 10, 19]. In particular, using w < 2.371339 [1], this is O(n*86).

Proof: Since the vertex weights are bounded by O(1), every feasible forest has total weight O(n).
Hence every entry of B, LF, RF, and every quantity of the form w(v) + M R[u, v, p, R], is O(n).

The products below are evaluated consistently with the dependencies of the recurrences. We
process R in increasing order and, for a fixed R, order the nodes by decreasing right end-point.
The term RF[u,p+ 1,q — 1] is already available because ¢ — 1 < R, while v € RC(u,0, R) implies
Ty > Ty, SO every same-R dependency of u precedes u in this order.

To keep the product dependencies acyclic, we apply a standard divide-and-conquer over the
decreasing-right-end-point order. After the states indexed by the first half have been computed
recursively, the relevant products batch all contributions from that half to the second half, after
which we recurse on the second half. The matrices below describe one such batched update, with
entries outside the corresponding two halves set to —oc.
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We first batch the computation of M R. For fixed v and R, define matrices A% and B“ by

AR _ RFu,p+1,q—1], ifr,+1<¢g<Randp<gq
P —00 otherwise

and
Bk _ RF[v,q,R], ifve RC(u,0,R) and q < r,,
—0Q, otherwise

By Lemma 9, each column of B“® is nonincreasing, so B“® is column-monotone. Moreover, for
every valid v, p,
MR[’LL, v, D, R} - (AU’R O} BU’R)ILU

Thus the required M R values are obtained from square monotone max-plus products. Over all
O(n?) choices of u, R, this costs

O(n? - n(3+@)/2+0(1)) — (5 (T+)/2+0(1))
time by [5, 19]. Next we batch the computation of RF'. For fixed R, let

Pr={(v,p):ry < Rand £, <p <7y}
Then |Pg| = O(n?). Define matrices Y and X% by

vE _ Jw(v) + MR[u,v,p, R], ifve RC(u,0,R) and £, <p <71y
N —00, otherwise

and
R _ LF[v,L,p], U L<{l,<p<ry
(w.p),L —00 otherwise

By Lemma 9, each row of X* is nonincreasing, so X is row-monotone. Accumulating the contri-
butions over all divide-and-conquer splits gives:

HE, = (YR XE = LF[v, L MR R]).
wr=VHOXNy = max  max | (w(v) + LF[v, Lp| + MRlu,v,p, R])

Hence
RF[u, L, R] = max(B[r, + 1, R], HF}).

At each level of the divide—and—conquer, the required rectangular products, padded to the
full dimensions, are n x n? by n? x n monotone max-plus products. By [10, 19], this takes
O(n(1H+2+14w(2))/2+0(1)) — O(p(4+w(2)/2+0(1)) time. Over all O(n) choices of R, the total cost
of computing all RF values is O(n!+(#+«(2)/2+0(1))  Using the simple bound w(2) < w + 1, this is
at most O(n(7+“’)/2+°(1)). The table LF is computed symmetrically within the same bound.

Finally, all values of B and G still require only O(n?) time. Therefore the overall running time
is O(n(Tt@)/2+0(1)) a5 claimed. m
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Algorithm 1: Compute-MWIF in O(n®m) time, O(n?®) space.
Input: Intervals {(¢,,r,)}?_; with distinct endpoints in [0, 2n — 1], representing a circle
graph G.
Output: The weight of a maximum induced forest in G, i.e. B0, 2n — 1].
for R+~ 0to2n—1do
for e <+ R to 0 do
if 3 an interval u with right end-point e then
MR < Compute-MR(u, R)
Compute-RF(u, R, M R)
Compute-B(u, R, RF')
if 3 an interval u left end-point e and r, > R then
ML + Compute-ML(u, R)
Compute-LF(u, R, ML)

return B[0, 2n — 1]

Algorithm 2: Compute-MR: Compute the matrix M R[v, p] for a fixed (u, R).

Input: u, R; Intervals {(¢,,r,)}7_;, right children RC[u]; RF.
Output: MR[v,p] for all v € RC[u] with r, < R and p € [{,, r,, — 1].
MR[v,p] « 0 for all v,p
foreach v € RC[u] with r, < R do
for g <~ r,+1 to r, do
for p« ¢, tor, —1do
L L MR|v,p|] + max{MR[v,p|, RF|v, q, R]+ RF[u,p+1,q—1]}

return M R

6 Conclusion

We have described an algorithm for computing a maximum weight induced forest of a circle graph
operating in O(n3m) time and O(n?®) space, improving on Gavril’s [14] O(n”) time algorithm, and
also O(n?) space algorithm. The latter algorithm is defined in terms of computing a maximum
weight independent set of a suitably defined interval-filament graph. The algorithm in this paper
is arguably slightly simpler. In the unweighted case, this paper points out an O(n?mk) time
algorithm, requiring O(nk?) space. We also note the existence of an O(n*%6) time algorithm in
the unweighted case, by utilising monotone min-plus products [5, 10, 19].
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