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Abstract. A tangle T of height h describes the ordering of n elements called wires
on each of h levels. A pair of wires ab is called a swap. Between any two adjacent levels
only the ordering of adjacent wires may swap and each wire may participate in only
one swap. The set of all pairs that are swapped in this way defines a multiset S(T") of
swaps called the swap list. A tangle T realizes a given multiset S of swaps if S(T') = S.
The problem TANGLE HEIGHT MINIMIZATION asks for the minimum height of a tangle
that realizes S.

In this paper, we study the tangle height minimization problem for simple tangles,
whose swap list contains each swap at most once. First, we give algorithms with running
time O(n! - 1.325") and O((n + 1)!) space and with running time O(1.325"") time
but O(n?) space, thereby improving over a previous algorithm that uses O(n!-1.618")
time and space. Second, we show that the simple tangle height minimization problem
can be recast as a graph orientation problem and propose an integer linear program
based on this formulation. In an extensive experimental evaluation that considers
several variants of each approach, we demonstrate that our exponential-time algorithms
and the ILP are capable of solving instances with n < 60 in a reasonable period of time.
Previous approaches can only handle instances up to n =~ 20.

1 Introduction

A simple tangle T of height h describes the ordering of n elements called wires on each of h levels.
Between any two adjacent levels only the ordering of adjacent wires may swap and each wire may
participate in only one swap. The set of all pairs that are swapped in this way defines a set S(T')
of swaps called the swap set. A tangle T realizes a given set S of swaps if S(T') = S. The problem
SIMPLE TANGLE HEIGHT MINIMIZATION asks for the minimum height tangle that realizes S.
Tangles and the tangle height minimization problem were introduced by Olzsweski et al. [11] in
2018. They mainly focus on more general tangles, whose swap sets are multisets of swaps and the
tangle realizing such a multiset has to swap every element as often as it appears. Their motivation
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comes from the problem of visualizing so-called chaotic attractors [3,10]. Firman et al. [5,6] start
a systematic study of the problem. Their focus is on the case where the tangles are not necessarily
simple. They show that the tangle height minimization problem is NP-hard and give an improved
exponential-time algorithm that runs in O((2|L|/n2 + 1)"*/2 . ¢™ . n) time, where L is the list of
swaps and ¢ ~ 1.618 is the golden ratio. Their experimental evaluation indicates that the problem
is difficult even for a low number of wires n < 7. They give a backtracking algorithm for simple
tangles, that can optimize small instances (n & 20) in practice. Alistarov [1] studies a SAT-based
approach to solving the tangle height minimization problem for non-simple tangles and tested them
on the same instances as Firman et al [5,6]. Recently Firman et al. [4,5] strengthened the hardness
result for non-simple tangles by showing that even the recognition problem is NP-hard, i.e., it is
NP-hard to decide whether there exists a tangle that realizes a given swap list. Independently
of Firman et al., Yamanaka et al. [14] show an equivalent result, namely that LADDER-LOTTERY
REALIZATION is NP-hard. By contrast, for simple swap lists S, where every swap occurs at most
once, the information about tangles can be encoded in a graph G with vertex set [n] and i, j € [n]
are connected if and only if ij € S. It is readily seen that S is realizable by a (simple) tangle with
start ordering 7 if and only if G is a permutation graph that has a matching representation where
one of the involved permutations is w. This can be tested in polynomial time [7], a result that was
also rediscovered by Firman et al. [5,6].

For simple tangles, the complexity of the height minimization problem is still open, even though
the problem itself dates back much further. Wang [13] studies the problem of sorting a permutation
by swaps in the context of two-layer channel routing. Building on a technique by Sado and
Igarashi [12], she shows that a parallel version of the bubble sort algorithm, which alternates
between performing maximal swap sets at odd and even positions, always achieves a tangle height
of at most n, and that this also yields an additive 1-approximation of the height. Firman et
al. [5,6] give an exponential-time algorithm for SIMPLE TANGLE HEIGHT MINIMIZATION that
runs in O(n! - ¢") time (and space), where ¢ = (14 v/5) /2 ~ 1.618 is the golden ratio.

Contribution and Outline. We conduct a detailed study of SIMPLE TANGLE HEIGHT MIN-
IMIZATION. In Section 3, we give two improved exponential-time algorithms. The first one has
a running time of O(n!-¢™), and needs O((n + 1)!) space, where ¢ =~ 1.325 is a constant. The
second algorithm has a running time of O(¢""), and needs O(n?) space, where h is the height of
an optimal solution. In Section 4, we phrase the problem in terms of a graph orientation problem,
which allows for a relatively simple way of formulating the problem as an ILP. Finally, in Section 5,
we conduct a detailed experimental comparison that compares the efficiency of our exponential-
time algorithm, our ILP formulation, and the exponential-time algorithm by Firman et al. The
experiments show that our new algorithms significantly enhance the size of practically solvable
instances from n &~ 20 to n ~ 60. From here onwards all swap lists are assumed to be sets (not
multisets) and correspondingly all tangles are assumed to be simple.

2 Preliminaries

We denote the set {1,2,...,n} by [n]. Following the intuition about tangles, we refer to ele-
ments x € [n] as wires. An ordering o of length n is a total order relation <, on [n]. Sometimes we
write < instead of <, if it is unambiguous. We write an ordering o as a sequence of numbers ab. . . z
where a < b < --- < z. By < we refer to the natural ordering.

Two wires a,b € [n] with a < b are adjacent in o if for any wire ¢ € [n] \ {a,b} either ¢ < a
or b <c. A swap is a set of two distinct wires, written as ab or {a,b}. A set S of swaps is disjoint
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Figure 1: Two tangles Ty, T5 on six wires that have the same (simple) swap set S.

if any two swaps ab,cd € S are disjoint, i.e. {a,b} N {c,d} = 0. Two swaps that are not disjoint
are conflicting. Given any ordering o there is a unique swap set S(o) := {ab| a < bAb <, a} that
induces the ordering <g(,):= {(b,a)|(a <bAabe S(o))V (b<aAab¢ S(0))} =<5. Note that
not every swap set induces a proper ordering on the natural ordering; if it does, we call the swap
set consistent.

An ordering o supports a disjoint swap set S if for every swap ab € S the wires a, b are adjacent
in 0. For example o = 1234 supports S = {12,34}, but not S = {13}. Two orderings o, 7 are
adjacent if S(o) C S(7) and o supports S(7) \ S(o), or vice versa.

A tangle T of height h is a finite sequence T = (071, ..., 03) of orderings, such that o;, 0,11 are
adjacent for i =1,...,h — 1 and S(0;) C S(0;+1). We call the first ordering oy the start ordering
and we assume, without loss of generality, that o is the natural ordering on n wires, since otherwise
we can rename the wires. And we call oy, the final ordering. The swap sequence St = (s1,...,5h-1)
of the tangle T is the sequence of the swap sets s; = S(0;41) \ S(o;) between the layers S(o;)
and S(oy41) for 1 <4 < h — 1. Note that all s;,s; with ¢ # j are pairwise disjoint. See Figure 1
for an example.

The set S(T) is the swap set of all swaps occurring in T. We say a tangle realizes a set S if
it uses every swap in the set, i.e., S = S(T). For a swap ab € S(T) the set s(ab) is the unique s;
containing ab and ind(ab) = i is the unique indez of ab. In a tangle T = (01,...,0p) a swap ab
happens before a swap cd if ind(ab) < ind(cd).

A set S is feasible if there is a tangle T that realizes S. As Firman et al. [5,6] show, a set is
feasible if and only if it is consistent. We say a tangle T realizes an ordering o if S(T) = S(o).
The minimum height h(S) of a swap set S is the minimum height over all tangles that realize S. In
this work we want to find for a given set S' a height-minimal tangle T realizing S, i.e. h(S) = h(T).

3 A Faster Exponential Algorithm

In this section we improve the exponential-time algorithm of Firman et al. [5,6], which for a given
swap set S computes a minimum height tangle in time O(n!¢™), where ¢ ~ 1.618 is the golden
ratio. Note that they modeled tangles in terms of permutations instead of orderings, but this is
obviously equivalent. Their algorithm recasts the problem as a shortest-path problem in a directed
graph G = (V, E) of exponential size. This graph G has one node for each of the n! orderings of [n].
Let o be such an ordering. If S(c) € S, then o cannot be reached from the start ordering with
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Figure 2: Performing a swap later in the tangle will never reduce the height of the tangle. We see
that the green wires either neither cross a nor b or they have to cross both, hence performing the
swap ab in an earlier layer induces a renaming but no structural changes. The red wires cannot
exist, since they cross the same wire twice.

swaps from the set S. Otherwise, o has an outgoing edge to every ordering 7 that is adjacent to o
and where S(7)\ S(o) C S\ S(0) holds. Clearly a shortest path from oy to the final ordering o (.S)
corresponds to a minimum height tangle. The key observation of Firman et al. [5,6] is that the
out-degree of any vertex in this graph is O(¢™) where ¢ ~ 1.618 is the golden ratio. They thus
compute a minimum-height tangle by first constructing the graph and then finding a shortest path
using a BFS. Hence, their algorithm takes O(nl¢™) time and space.

We improve on these bounds by constructing a subgraph of G for which the correspondence
between shortest paths and minimum-height tangles still holds, but that has out-degree O(¥"),
where ¢ ~ 1.325, yielding a running time of O(n!ly™). We further show that we can compute
optimal tangles with O(n?) space, slightly increasing the running time to O(¥"™), where h is the
height of the tangle.

To this end, we prove that, for simple tangles, we can restrict our attention to tangles that
apply in each step an inclusion-wise maximal swap set that is supported by the current ordering.
More precisely, for an ordering o and a swap set S, a set S’ C S\ S(o) that is supported by o is
mazximal with respect to o if it is disjoint and for any swap ab € S\ (S’US(0)), the set S"U{ab} is
not disjoint or is not supported by o. We show that there exists an optimal tangle T = (o1, ..., 0%)
such that each s; is maximal.

Theorem 1. Let T = (o1,...,0p) be a tangle with St = (s1,...,8,—1) its corresponding swap
sequence. Let further ab € S(T) be a swap and j = ind(ab). Assume there is an inder i < j
such that s; U {ab} is disjoint and supported by o;. For i < k < j let s} be the the swap
set obtained from sy by exchanging in each swap the wires a and b. Then, the modified swap
sequence St = (s1,...,5;U{ab},si y,...,8 1,55\ {ab}, ... sp) induces a tangle T" for the same
swap set.

Proof: Note that for every swap ax € s with ¢ < k < j there must be a swap bx € s; withi <1 < j
in the tangle, since the wires a and b are adjacent in both o; and o; and the swap ax can only
occur once. See Figure 2. Since T does not change the structure of the tangle but simply
switches names of a and b, the tangle T” still is valid. Note that o; and o; are unchanged, and
therefore S(T) = S(T"). O
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By Theorem 1, restricting G to the subgraph containing only the arcs that correspond to
maximal swap sets, preserves the correctness of the algorithm of Firman et al. We now show that
for any ordering o of [n] and any swap set S there are O(¢™) swap sets that are maximal with
respect to o.

Lemma 1. Let o be an ordering of length n > 2 and S a swap set. Then, the number of mazximal
swap sets S’ supported by o with 8" C S\ S(o) is in O(W").

Proof: We first prove by induction over the length of o that the amount of maximal disjoint swap
sets adjacent to an ordering of length n is D(n) < D(n —2) + D(n — 3) with D(2) = 1,D(3) =
D(4) = 2. For this we simultaneously prove that D(n) > D(n — 1) holds.

First we see that the inductive hypotheses holds for 2 < n < 6 by checking the cases. We give
an outline for n = 5. From the first hypothesis we see that D(n) < D(5)=D(5—-2)+D(5-3) =
3 should hold. We observe that there is the largest amount of different maximal swap sets if
all swaps between the wires of o are contained in S. Hence, for n = 5 we regard the swap
set {12,23,34,45}. There are exactly three maximal swap sets {12,34},{12,45} and {23,45},
showing the first statement. Also see that 3 = D(5) > D(4) = 2 for the second hypothesis. The
other cases follow analogously.

Now we assume that for 2 < k < n and n > 6 the following two statements hold.

e D(k)<D(k—2)+ D(k—3) and
e D(k)>D(k-1)

Given an ordering ¢’ of length n + 1 we know the statements hold for the orderings of length up
to n arising from o’ by removing the last elements. Now we have to distinguish three cases how
the wire at position n + 1 behaves. We call the wire at position 4 just ¢ for simplicity.

If n(n+ 1) ¢ S then obviously nothing changes from the ordering of length n to the one of
length n+1, so D(n+1) = D(n) < D(n—2)4+D(n—3) < D(n—1)4+D(n—2) and D(n+1) > D(n)
hold.

Secondly if n(n 4+ 1) € S,(n — 1)n ¢ S then we take any maximal adjacent swap set of the
ordering from 1 to n —1 and add the swap n(n+ 1) which is maximal again (and there are no other
maximal swap sets not containing n(n+1)). So we have D(n+1) = D(n—1) < D(n—3)+D(n—4) <
D(n—1)+ D(n—2) and D(n) = D(n—1) = D(n+1).

In case (n — 1)n,n(n + 1) € S then there are two kinds of maximal swap sets. First we
add n(n + 1) to every maximal swap set of the ordering from wire 1 up to n — 1 which are
D(n — 1) many, and secondly we add (n — 1)n and to every possible swap set from the ordering
from 1 up to n — 2, so D(n — 2) many. Hence, D(n + 1) = D(n — 1) + D(n — 2) and further
D(n)<D(n—-2)+D(n—-3)<D(n-1)+D(n—2)=D(n+1) hold.

Similar to Fibonacci’s sequence we assume that we can find an z s.t. D(n) = z™. We see

D(n) :D(”*Q)JFD(H*?J)@In:$n72+xn73@>z3 —z4+ler’—2-1=0.
We use Wolfram Alpha' to find the solution (only one real solution):

Y9 —69 + V9 + /69
B V18

V= x5 ~ 1.3247.

L(https:/ /www.wolframalpha.com /)
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So we see that for an ordering of length n there is a maximum of ™ adjacent inclusion-wise
maximal orderings. a

We use this bound to speed up the search for a tangle of minimum height.

Theorem 2. A minimal tangle can be computed in O(nly™) time and O((n + 1)!) space or
in O(y"™) time and O(hn) space.

Proof: Constructing the graph where all edges correspond to maximal swap sets and applying a
BFS immediately gives an algorithm with running time O(n!y™) and O((n + 1)!) space.

The space requirement can be alleviated by switching to a DFS as follows. Observe that, using
Wang’s algorithm [13], we obtain a tangle of height h < n + 1 such that the optimal height is at
least h — 1. To test the existence of a tangle of height h —1 it thus suffices to run a single DFS with
a depth limit of h — 1 < n. To reduce the space requirement of the DFS we refrain from storing
nodes that were already visited and stop at depth A — 1. Further, we use an enumeration algorithm
to generate all outgoing arcs of a node iteratively with amortized constant delay; we explain this
below. In particular, we show that for every node o, we can compute all outgoing arcs, of which
there are O(¢™) by Lemma 1, in O(¢") time and O(n) space. Thus, for every node currently
placed on the DFS-stack, we only store O(n) information and compute the next outgoing arc in
amortized constant time. As the stack holds at most h — 1 elements at any time, our adapted DFS
needs O(hn) space, while increasing the running time to O(1)"").

Now, given a node ¢ of n wires and a swap set .S, we show how to generate all outgoing arcs,
i.e., maximal swap sets S; C S. Assume without loss of generality that o = id,, and we number
the n wires from left to right. We first partition the wires in components of consecutive elements
with a swap in S, that is, maximal blocks of wires C; = {l;,l; + 1,...,l; + k;}, such that for all
l; <j<l;+k; we have j(j + 1) € S is a swap. Observe that there is a unique partition of [n]
into components and that these are independent: the set of swaps performed in a component C;
does not influence the possible swaps in another component. All possible combinations can then
be computed by generating all combinations of the components, which can be done in constant
time per combination on average [8].

It thus remains to consider a single component. For simplicity, we assume that S consists of a
single component, that is, for every i € [n — 1] we have i(i+ 1) € S. Let S; be some maximal swap
set of S. We call a wire that is not part of a swap in S; loose. First, we consider configurations of
maximal swap sets with exactly m loose wires. Note that there are n — m wires that are swapped
and between any two adjacent of the (n — m)/2 swapping pairs as well as in the first and the last
position, there can be up to one loose wire, as two or more would contradict the maximality of the
swap set. Thus, there are “5™ + 1 positions for the m loose wires, yielding exactly (("_mnz/ 2+l
such configurations, which can be enumerated with average constant overhead per entry [9]. We
do this for every m € [0, [n/3]] where m has the same parity as n; see Figure 3 for an illustration.
Thereby we generate every element in lexicographic order exactly once, with amortized constant
delay. As there are O(¢™) such elements by Lemma 1 and we visit every element only once, the
overall running time for generating all outgoing arcs is bounded by O(¢™). Together with the
discussion above this shows the statement. |

Observe that for h € ©(n), we have nly™ € o(y)"™). The fact that the DFS has the potential
to find a solution of size smaller than the result of Wang’s algorithm without traversing almost
the entire graph indicates a practical benefit of the DF'S compared to the BFS, as we discuss more
deeply in Section 5.
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4 Simple Tangle Height Minimization as a Graph Orienta-
tion Problem

The goal of this section is to recast the simple tangle height minimization problem as a graph
orientation problem, where we seek an acyclic orientation of a graph that minimizes the height
of the graph subject to certain conditions. We introduce the so-called swap graph, show how it
relates to a tangle and give conditions under which we can obtain a tangle from an orientation
of the swap graph. At the end of the section we derive an integer linear program (ILP) to find a
minimal orientation of the swap graph and hence a minimal tangle. The running time of the ILP
will be evaluated in Section 5.

4.1 The Swap Graph

Let S be a swap set. We define the swap graph G = (V,E) over a swap set S as the graph
with V' = S such that two different swaps ab and cd are adjacent if and only if {a,b} N {c,d} # 0,
i.e., if and only if the swaps share a wire.

An orientation O of G is a directed graph that is obtained from G by assigning a direction to
each edge in G. An orientation is acyclic if it does not contain a cycle. The height h(O) of an
acyclic orientation is the length of a longest directed path in O.

Given a tangle T and its swap sequence St = (s1,...,8,—1), we derive a corresponding orien-
tation Op = {(ab,ac) | {ab,ac} € E,ab € s;,ac € s;,1 <i < j < h—1} of G, which orients each
edge of G from its swap that occurs first to its swap that occurs second. Observe that two swaps
that share a wire belong to different sets in the swap sequence, and thus Or is an orientation of G.
It is readily seen that Op is acyclic and, moreover h(Or)+1 < h(T'). The reason is that every step
on a directed path moves to a swap that occurs later in the swap sequence. Since the sequence
contains only h(T) — 1 elements, the bound follows.

We want to understand which orientations of G correspond to a tangle. For an edge {ab, ac} €
E, we define its swap triple as the swap set {ab, ac, bc}; note that possibly be ¢ V. We note that
concepts similar to swap triples were first considered by Baumann [2] and subsequently by Firman
et al. [4]. We call a swap triple complete if it is contained in V. We call an orientation O a tangle
orientation if it is acyclic and satisfies the following two conditions, where < denotes the start
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Figure 4: The order of the wires is a < b < ¢. We see the three possible arrangements of orientations
of swap triples in a tangle orientation.

ordering.

(I) For each edge {ab,ac} € E witha <b < cor ¢ < b < a where bc ¢ V, O necessarily contains
the edge (ab, ac).

(IT) For each complete swap triple {ab,ac,bc} where a < b < ¢, it must be true that ei-
ther (ab,ac), (ab, be), (ac,be) € O or (ac, ab), (be, ab), (be,ac) € O.

Lemma 2. IfT is a tangle, then Or is a tangle orientation.

Proof: We already observed that Or is an acyclic orientation of G = (V, E). The fact that O
satisfies the first condition follows since if wire b starts out between wires a,c and b cannot swap
with ¢, then b must swap with a before ¢ can swap with a.

The second condition follows from the fact that the middle wire b first has to swap with a or
with ¢. Say it swaps with « first. Then a has to swap with ¢, before b and ¢ can become neighbors,
allowing them to be swapped. This yields the first orientation; the second orientation is symmetric
and is obtained if b swaps with c first. a

Thus, it is natural to restrict our attention to orientations that satisfy these two conditions.
Observe that any two swap triples sharing an edge are already identical. Each incomplete swap
triple has a unique orientation; we therefore call such edges fixed, whereas the edges of a complete
swap triple are called free, and they may choose from two possible orientations, one of which is
the reverse of the other. See Figure 4 for the different possible arrangements of a swap triple. Our
next goal is to obtain a tangle from a tangle orientation.

Lemma 3. For every tangle orientation O of a swap graph G = (V, E) there exists a tangle T =
T(O) such that Or = O.

Proof: To construct the tangle, we iteratively remove the set of all sources of O. Let S; denote
the swap set that is removed in the ith iteration and observe that k = h(O) is the last iteration.

We prove by induction on h(O) that the swap sequence Sp = (51,52, ...,S5) defines a tangle
of height h(O) + 1. To this end, we show that after removing the set of sources S; we again
obtain an acyclic tangle orientation of the subgraph G[V'\ S1] and its sub-orientation O’ with start
ordering o(S1).

Consider the swap set S7. Since all swaps of Sy are sources, they are pairwise non-adjacent and
therefore disjoint. We show that every swap of S; is supported by o;. Let ac € S and suppose
for the sake of contradiction that there exists a wire b with a < b < ¢. As we only consider feasible
sets, it follows that at least one of ab and be is also a vertex of G. If just one of them exists, by
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condition I it is connected to ac with a fixed edge pointing to ac, and ac could not be a source.
Hence, ab,bc € V must hold. By condition II, there is an edge from exactly one of them to ac. In
either case ac has an incoming edge, contradicting that it is a source. It follows that Sy is a set of
disjoint swaps that is supported by o.

If h(O) = 1, this completes the proof. Otherwise, we show that O’ = O — Sy is an acyclic
tangle orientation of G’ with respect to the new ordering ¢(S1). Obviously we do not change any
orientation, hence the remaining tangle orientation O’ still is acyclic. Now consider any complete
swap triple {ab,bc,ac}t with a < b < ¢. If none of the vertices was a source, properties I and II
still hold. If one of them was a source, w.l.o.g. choose ab (ac can be excluded by the discussion
above), then the new order becomes b <,(s,) @ <, (s,) ¢ and (ac, bc) becomes a correctly oriented,
fixed edge in O’. Let now (ab,ac) with a < b < ¢ be a fixed edge. Again only ab can be a source.
If it is not a source, O’ is still a tangle orientation since nothing changes. If it is, ab is removed.
Since this removes the edge (ab, ac) there is nothing to be considered. We see that in every step,
the height of the tangle orientation is decreased by one and therefore the induction is complete. O

The following theorem, which follows immediately from Lemmas 2 and 3, summarizes these
findings. In particular, it follows that the problem of finding a minimum height tangle of a swap
set S is equivalent to finding a tangle orientation of the swap graph G of S that has minimum
height.

Theorem 3. Let G = (V, E) be the swap graph of a swap set S. Then the following hold:
(i) For every tangle T that realizes S, Or is a tangle orientation of G.

(i1) For every tangle orientation O of G there is a tangle T that realizes S with O = O.

4.2 Cycles in Swap Graph Orientations

Let G be a swap graph of a swap set S. To be a tangle orientation, an orientation O of G must
be acyclic and satisfy conditions (I) and (IT). The latter implies that each incomplete swap triple
defines a fixed edge, whereas each complete swap triple offers a binary choice. To obtain a tangle
orientation, we need to ensure that the binary choices offered by the complete swap triples do not
create a cycle in O. We call an orientation of G that satisfies conditions (I) and (II) a candidate
orientation. The following section shows that, rather than excluding arbitrary cycles, it suffices to
exclude cycles of length 3.

Before we can prove this, we need a few lemmas. For their proof, we assume that the shortest
cycle in O has length at least 4. We first observe that any minimal cycle C' in O must be of the
form C = (ab,bc, cd, . .., ax) with each a, ...,z € [n] a different wire. So every wire participates in
exactly two swaps that are adjacent in the cycle. We therefore use this notation for those cycles.
The following lemma is very useful to understand when certain swaps must be contained in a
feasible swap set.

Lemma 4. Let S be a feasible swap set and a < b < ¢ for three wires a,b,c € [n]. Then ab,bc € S
implies ac € S.

Proof: Assume otherwise and let T be a tangle that realizes S. Assume that in T at first the
wires a and b swap, the other case is symmetric. Then, after the swap, wire a is between the wires b
and c. Hence, before b and ¢ can be swapped, either swap ab or swap ac must occur. However, ab
cannot occur a second time. Therefore, since S is feasible, the swap ac must exist. O
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Figure 5: The three possible cases in the proof of Lemma 5, m = 4. The orders from left to right
area < b <c¢,a<c=<b, and b < a < ¢. The reversed orders are analogous in each case. The
edges are labeled according to the scheme in the proof of lemma and are not described again here.

The proofs of the next lemmas about cycles C = (ab,bc, cd, . .., ax) are mainly extensive case
distinctions on the order of the wires and the existence of certain swaps. To make everything
clearer and shorter, we introduce the following conventions and notation.

We refer to Lemma 4 as condition (III) and we use the notation ab — be to indicate that
(ab,bc) € O. We also use the following uniform coloring scheme for all images.

e Black and slightly thicker line segments are the given edges in the minimal cycle, the thin
segments are edges that exist due to the definition of a swap graph, possibly directed by an
assumption. For clarity we might omit some of them.

e Green for edges that are directed based on condition (II) for tangle orientations, i.e., they
are contained in complete swap triples and one of the edges is directed.

e Blue if the reverse direction would create a shorter cycle.

e Purple for edges with fixed direction by condition (I) due to an inferred order and non-
existence of a swap.

e Red is the edge that cannot be oriented in any direction without violating any condition or
creating a shorter cycle.

e The numbers indicate the order in which the properties are inferred in the proof.

Lemma 5. Let G = (V, E) be a swap graph with candidate orientation O and let C' be a minimum
cycle of length m > 4. Then C' does not contain two consecutive free edges.

Proof: Let C = (ab,bc,cd, . .., azx) and assume that {ab,bc} and {bc, cd} are both contained in a
swap triple, i.e., ac,bd € V.

We first consider the case m = 4. So let C' = (ab, be, cd, ad) be this cycle. We distinguish the
arrangement of wires in the abe-triple. See Figure 5.

1. Casea < b < ¢: See Figure 5 on the left. From condition (IT) with order a < b < ¢ and ab — be
the directions ab — ac and ac — be follow (green). We know that there cannot be a
cycle of size 3, therefore the direction ac — cd follows, since otherwise (ac, be, cd) is a cycle
(blue). Now the edge (ac, ad) cannot be directed without generating one of the two shorter
cycles (ab, ac,ad) or (ad, ac, cd) (red), which contradicts the assumption that C is a minimal
cycle.
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Figure 6: The first three cases of the proof of Lemma 5 for m > 4. The three red circles represent
one or more additional swaps in the cycle. The four black thin arrows in the right image are to
be reasoned exactly as in the middle one. The dashed line symbolizes the edge (bd,de) , where
possibly e = z.

2. Case a < ¢ < b: See Figure 5 in the middle. From the direction ab — bc with a < ¢ < b and
condition (II) we infer ac — ab,ac — be (green, 1) and in order not to obtain one of the
shorter cycles (ac,be, ed) or (ac, cd, ad), we infer the directions ac — ed and ac — ad (blue,
2). By the orientation of the acd-triple we infer d < a < ¢ < b, since either ¢ < a < d
or d < a < c¢ holds, the former of which contradicts a < ¢ < b. Thus, for the bed-triple,
with this order and condition (II), be — bd,bd — cd must hold (green, 3). To avoid the
smaller cycle (ab,be,bd) it must be ab — bd (blue, 4). Now the edge (ad,bd) cannot be
directed without producing a shorter cycle (ab, bd, ad) or (cd, ad, bd), again contradicting the
minimality of C' (red).

3. Case b < a < c¢: See Figure 5 on the right. Again, due to the order b < a < ¢ the orien-
tations ab — be , ab — ac,bc — ac can be inferred by condition (II) (green, 1). More-
over, ad — ac and ¢d — ac must hold, because of the (ab,ac, ad) cycle and the (ac, cd, ad)
cycle respectively (blue, 2). Due to the acd-triple, the order b < a < ¢ < d results, such
that in the bed-triple be — bd and bd — cd apply (green, 3) and because of the shorter cy-
cle (ab, be, bd) then ab — bd must hold (blue, 4). Again, the edge ad — bd cannot be directed
without generating a cycle (ad, bd, cd) or (ab, bd, ad) (red), which gives a contradiction to the
minimality of C.

Due to symmetry, all possibilities have been considered and for the case m = 4 the statement is
shown.

We now turn to the general case m > 4 and consider the same case distinction as before. This
time the cycle is of the form C = (ab, bc, cd, de, ..., ax). Depending on the size of the cycle, e = x
might hold. Let ac,bd € V, i.e., the two swap triples abc and bed are contained. In the figures, the
new swap de and the remaining cycle are represented by the three red circles.

1. Case a < b < ¢ See Figure 6 on the left. Due to the order in the abc-triple and ab —
be, it follows from condition (II) that ab — ac — be (green) holds. Now, because of the
minimality of C, the edge must be directed as ac — cd (blue), otherwise (ac,be,cd) is a
shorter cycle. Either (ab, ac,ax) or (ax,ac,cd, ..., ar) is a shorter cycle than C' (red), which
is a contradiction.

2. Case a < ¢ < b: See Figure 6 in the middle. It follows from the order that all edges point



162 J. Baumann and I. Rutter Minimizing the Height of Simple Tangles

Figure 7: The last two subcases 2.c and 2.d of the second case for the proof of Lemma 5 for m > 4.
The upper black directed arrow in both graphs is oriented this way by assumption in each case.
The edges pointing away from ac derive exactly as in the picture of case 2.a. The justifications
can be found in the color scheme at the beginning of the proof and in the respective proof section.

away from ac, so ac — ab,ac — bc,ac — cd,ac — ax (the first two in green follow because
of the abc-triple and since ab — bc holds; the latter two follow one after the other in blue to
not create a shorter cycle). Now we further distinguish the following subcases:

(a)

Case ad ¢ V N ab — bd: See Figure 6 centered. Because of the fixed edge ab — bd,
now d < a < ¢ < b must hold and thus in the bed-triple be — bd, bd — cd must hold
(green, 4). Then the last dashed edge (red) cannot be directed correctly, since in each
case a shorter cycle than C' emerges.

Case ad ¢ V Abd — ab : See Figure 6 on the right. From the fixed edge bd — ab
follows a < d < b. Consider the direction ac — cd, which is now impossible, because to
point that way d < a < ¢ would have to hold, which is incompatible with a < d < b. So
the vertex ad would have to exist after all.

Case ad € VAbd — ab : See Figure 7, left. To avoid the shorter cycle (ab, be, bd), bd — be
must be true and, because of the cycle (bd, be, cd) the direction bd — cd follows (blue).
Now we have a bed-triple, so along with the initial condition a < ¢ < b, the order a <
¢ < d < b must apply. Now we must direct the acd- and the abd-triple (green), which
leads to a shorter cycle (ax, ab, ad) or (ad, cd, . .., azx) at the red edge between az and ad.

Case ad € V N ab — bd: See Figure 7 on the right. First, we can direct the blue
arrows to not obtain a shorter cycle, starting with the dashed de — bd because of the
cycle (ab,bd, ..., ax,ab), followed by those in the bed-triple also because of shorter cy-
cles (bd, cd,de) for ¢d — bd and (be, cd, bd) for bc — bd. From the bed triple, we then
derive the order a < ¢ < b < d (d < b < ¢ can be excluded on the basis of the assump-
tion ¢ < b). Now, according to condition (IT), in the abd-triple the directions ab — ad
and ad — bd and in the acd-triple ac — ad and ad — cd follow (green). Thus in each
case, the red edge (ax,ad) produces a shorter cycle (ad, cd, ..., ax) or (ab,ad, ax).

3. Case b < a < ¢: See Figure 8 on the left (steps 1, 2 and 3). As for m = 4, all edges must
point to ac, at first we derive ab — ac and bc — ac because of the abc-triple followed by the
edge ab — bc. Then, to avoid shorter cycles, we also conclude ax — ac and cd — ac. We
further distinguish the following cases:
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Figure 8: Cases 3.a and 3.b of the proof of Lemma 5. The black arrows directed to ac on the right
follow exactly as on the left.

Figure 9: The last two subcases 3.c.i and 3.c.ii of the proof in Lemma 5. The black arrows pointing
to ac result as in case 3.a above.

(a)

Case ad ¢ V: See Figure 8 on the left. Due to ¢d — ac being fixed b < a < d < ¢
holds (¢ < d < a can be excluded after assuming a < ¢). By this order and be — cd,
the bed-triple can be directed (green) with bd — be,bd — c¢d. To get no shorter cy-
cle (bd, cd, . . ., bd) the swap bd must be pointing towards the remaining cycle (blue) bd —
de. Now the edge between ab and bd cannot be oriented correctly, because either
the (ab,bd, ..., ax)-cycle arises, which is shorter, or ad would have to exist, in order
to direct the edge bd — ab despite the order b < a < d < ¢ (red).

Case ad € V A ab — bd: See Figure 8 on the right. Clearly the edge de — bd must
be oriented this way, otherwise there is already a smaller cycle (ab,bd,...,az). To
further avoid the cycles (cd, de, bd) and (bc, ed, bd) the other two blue edges in the bed-
triple are directed to bd resulting in c¢d — bd,bc — bd, from which we infer the order
d < b < a < c by the bed-triple. Now we can orient the abd- and the acd-triples
and obtain the directions ab — ad,ad — bd and ad — ac,ad — cd (green) and come
to the conclusion that (az,ad) cannot be oriented (red) without producing a shorter
cycle (ad,cd, ..., ax) or (ab,ad, ax).

Case ad € V,bd — ab: See Figure 9 on the left. We see that the three blue direc-
tions bd — bc,bd — c¢d and bd — de, arise immediately from top to bottom to not
create a shorter cycle. Now we can conclude from the bed-triple that b < d < ¢ holds
(where ¢ < d < b can be excluded because of the assumption b < ¢), which again yields
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Figure 10: The first case of the proof of Lemma 7. The thick solid edges are fixed, the dashed ones
are free, and the dotted ones can be either. We can assume that one edge is free because of the
previous Lemma 7 . The green edge can be directed because of the swap triple, the blue to not
produce a smaller cycle, but in the end the red one always produces a smaller cycle.

two final cases:

i. a < d: Because of b < a < ctheorderis b < a < d < c¢. From this arrangement, the
green directions ad — ab and ac — ad can be inferred for the abd- and acd-triples,
resulting in a shorter cycle (ab, ac, ad).

ii. d < a: Here, the order is b < d < a < ¢. See Figure 9 on the right. Again,
by the order, the abd- and the acd-triples can be arranged with ab — ad, bd — ad
and ad — ac,ad — cd as indicated in green. In red, we see that the edge between ax
and ad cannot be directed without producing the shorter cycle (cd, ..., ax,ad) or
the cycle (ab, ad, ax).

All other cases are symmetric to the ones shown and result in a contradiction to the assumption.
Hence the statement follows. O

Now we further restrict the number of fixed edges that may exist in succession.

Lemma 6. Let O be a candidate orientation of a swap graph G on a feasible set S. Fach cycle C
in O contains at least one free edge.

Proof: If not, then all edges of C are fixed and therefore every candidate orientation contains C.
On the other hand, since S is feasible, there exists a tangle T that realizes it. But then O is a
tangle orientation, i.e., an acyclic candidate orientation; a contradiction. a

Lemma 7. Let G be a feasible swap graph with candidate orientation O and let C' be a shortest
cycle of length m > 4. Then C' contains no two consecutive fixed edges.

Proof: We first consider the case m = 4. Let C' = (ab,bc,cd,ad) be a shortest cycle such
that {ab,bc} and {bc,cd} are fixed edges, i.e, ac,bd ¢ V. Then all edges of the cycle are already
fixed, which contradicts Lemma 6.

Now we assume m > 4. Thus, our cycle is of the form C = (ab, be, cd, de, . .., ax) with |C] > 5.
Further, let bz, ac ¢ V, that is, let the edges ax — ab, ab — be be fixed. As we saw in the previous
Lemma 6, we can assume that at least one edge is free. So let the edge bc — c¢d be free with bd € V.
By Lemma 5 no two edges can be free in succession either, which is why cd — de must be fixed with
ce ¢ V. We thus obtain the graph as in Figure 10, with the colored edges still undirected. Consider
the directed edge ab — bc and, since it is fixed, we obtain either b < @ < ¢ or ¢ < a < b. Hence,
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Here we can see the two subcases 2.a and 2.b of the proof of Lemma 7. The thick solid

edges are fixed, the dashed ones are free, and the dotted ones can be either. The color scheme
again corresponds to that in the proof of the Lemma 5. The reasoning for the directions is in the

proof.

we assume b < a < ¢, since the other case is symmetric. With the fixed edge ax — ab we obtain
b < x < a < c. For the last fixed edge cd — de we get two possibilities: b <z <a <c <d,e < ¢
and b <z <a < c<e,d =< ¢, which we will treat separately.

1. Case b < x < a < ¢ < d,e < ¢, compare Figure 10: Now that we know the order of
the bed-triple, we can use the direction bc — c¢d to infer the direction of two edges bc —
bd and bd — c¢d. To avoid the cycle (ab,be,bd), we direct ab — bd and cannot direct the
edge (bd,de) without forming a shorter cycle (de,...,ax,ab,bd) or (bd,cd,de), which is a
contradiction.

2. Case b < x < a < c<e,d=<c: Since we cannot make a more precise statement here for the
wire d than d < ¢, we further distinguish the following two cases:

(a)

Case d < b, compare Figure 11 on the left: Now that the order of the wires in the bcd-
triple is known, we can use this and the orientation bc — cd to derive the direction of
the triple, which is bc — bd and cd — bd. The edges ab — bd and de — bd must be
directed that way, since otherwise a shorter cycle either (ab, be, bd) or (ab, bd, de, . .., ax)
would arise. Further, by Lemma 4 the swap ad must be contained in V because of
the order d < b < a and ab,bd € V and the edges in this swap triple can be oriented.
We obtain ab — ad and ad — bd. Since the swap ac does not exist by assumption, the
edge ad — cd is fixed. Now there exists either the (cd, de, ad)- or the (ad, de, . .., ax, ab)-
cycle because of the edge (de, ad), both of which are shorter than C, contradicting the
assumption that the cycle C' is minimal.

Case b < d, see Figure 11 on the right: again, here the bed-triple is uniquely deter-
mined by the edge bc — cd and the order b < d < ¢, yielding bd — bc and bd — cd. To
avoid the (bd, cd, de)-cycle bd — de must apply, and to avoid the (bd,de,...,ax,ad) -
cycle bd — ab must also apply. The edge bd — de cannot be fixed, because b < d < e
holds. So the swap be must exist. Because of bd — de, we direct the bde triple
with bd — be and be — de. Since the swap ce does not exist by assumption, the
edge bc — be must be fixed. Now the edge (ab,be) always gives rise to a shorter cy-
cle (ab,be,de, ..., ax) or (ab,bc, be).

Thus, we see that for all orders a smaller cycle occurs, showing the statement. a
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Figure 12: The graph for the proof of the Theorem 4 for a cycle of length m = 4. The thick
edges represent the cycle, the dashed edges are free and the solid edges are fixed. The green
edges originate due to the order ¢ < b < d < a, which can be derived from the fixed edges. We
immediately obtain two cycles of size 3: (ab, ac,ad) and (be, cd, ad).

We are now ready to prove the main theorem.

Theorem 4. Let G be a swap graph of a simple swap set S and let O be a candidate orientation
of G. If O is not acyclic, then it contains a cycle of length 3.

Proof:

Again, suppose that there is no smallest cycle of size 3 in the cyclic tangle orientation O. We
first consider the case m = 4. So let C = (ab, be, c¢d, ad) be the minimal cycle, see Figure 12. By the
Lemmas 7 and 5, two edges in succession can be neither both fixed nor both free. So let ad — ab
and bc — cd be fixed and ab — bc and cd — ad be free. Thus, we have ac € V,bd ¢ V. Now
consider the edge bc — cd, we can conclude ¢ < b < d or d < b < ¢ since it is a fixed edge.
Because of symmetry, we assume ¢ < b < d. With the fixed edge ad — ab it then follows that the
order ¢ < b < d < a applies. Now we can orient the two abc- and acd-triples with ab — ac — be
and cd — ac — ad and immediately obtain two smaller cycles (ab, ac,ad) and (be, cd, ad), which
contradicts the minimality of the cycle C.

Now suppose there is a minimal cycle C' := (ab,be, cd, . .., az) of size m > 4. Thus, as shown
in the previous lemmas, exactly every other edge is in a swap triple. Here let ac € V' and thus
include the abe-triple, which implies bz, bd ¢ V. We now distinguish the following three cases for
the ordering of the wires a,b and c:

1. Case a < b < ¢: Consider Figure 13 on the left. The green edges ab — ac and ac — bc follow
according to condition (II) from the order a < b < ¢ and the edge ab — be. Then, to get
no (ab, ac, ax)-cycle, the edge ax — ac must be contained (blue). Now the edge between ac
and cd always leads to a shorter cycle (consider the cycles (..., ax,ac, cd, ... ) and (ac, be, cd)).

2. Case a < ¢ < b: This case is shown in the middle of the Figure 13. Again, the order a < ¢ < b
with the edge ab — bc already provides the directions ac — ab and ac — be by condition (II)
(green, 1). To avoid shorter cycles, the direction ac — ed must apply (otherwise (ac, be, ed) is
a smaller cycle) and then ac — ax must also apply (otherwise (..., az,ac, cd,...) is a shorter
cycle; blue). The fixed edge be — ¢d by condition (I) and ¢ < b imply the order ¢ < b < d
. Thus we have a < ¢ < b < d. By Lemma 4 and ac,cd € V,a < ¢ < d it follows that ad
is also contained in the graph. Further, we can apply condition (II) to the acd-triple and
obtain ac — ad and ad — cd (green, 4) because of ac — cd. The edge ab — ad is directed
this way because by assumption bd ¢ O and thus the edge has to be fixed by condition (T)
and the order seen above (purple). Now we cannot orient the edge (ax,ad), otherwise we
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Figure 13: The three cases from left to right of the proof of Theorem 4 for m > 4. The orders
from left to right are a < b < ¢, a < ¢ < b, b < a < ¢. The color scheme is the same as in the proof
of the Lemma 5 and further justification can be found in the proof.

get either the shorter cycle (ab,ad,azx) or (..., ax,ad,cd,...), which forms a contradiction
to the minimality of the cycle C.

3. Case b < a < ¢: See Figure 13 on the right. Condition (II) with the arrangement b < a < ¢
in the abe-triple and ab — be, yields ab — ac,bc — ac (green, 1). To avoid a shorter cycle
(ab, ac, az) it must be ax — ac and then because of the cycle (..., ax,ac, cd,...) also cd = ac
(blue, 2, 3). Since be — ¢d is fixed, d < b < a < ¢ must hold according to condition (I).
Since cd — ac holds, ad must exist, otherwise the edge would have to be fixed and pointing
in the other direction because of the order d < a < ¢ and condition (I). Now we can direct
the acd-triple with this order and c¢d — ac and we get ad — ac and ad — cd. Further, by
condition (IIT) ab — ad must be fixed (purple) since bd does not exist and d < b < a holds.
Now we get a shorter cycle, no matter how we direct the edge between ax and ad (red):
either (...,ax,ad,cd,...) or (ab,ad,ax), which leads to a contradiction to the minimality of
the cycle once again.

4.3 An Integer Linear Program

As shown in the previous section in Theorem 3, we can derive a minimal tangle from a minimal
and acyclic tangle orientation O on a corresponding swap graph G = (V, E). By Theorem 4, it
suffices to find a candidate orientation that avoids 3-cycles. Moverover, due to condition (II) all
swap triples are acyclic, i.e., a cycle of length 3 can only occur on three vertices with a common
wire. We rewrite these properties in terms of linear equations to obtain an integer linear program
(ILP).

For each edge {u,v} € E we introduce two binary variables d( .),d(.4) € {0, 1} that indicate
that {u,v} is directed from u to v or vice versa. Moreover, for each vertex v € V we have a
variable h, € R that shall encode its height and a single variable h € R that shall encode the
height of the orientation. We use the reals instead of integers for the heights, since it is usually
easier for a solver to use continuous values and for the solution it makes no difference. The ILP is
as follows.
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minimize h (1)
subject to

diu,w) + du) = 1 for all {u,v} € £
d(u,wy = 1 for all fixed edges {u,v} € F
d(ab,ac) = A(abpe) = A(ac,pe) for all {ab,ac,bc} CV witha <b<c
1 < d(ab,ac) + d(ac,ad) + (ad,apy < 2 for all {ab,ac,ad} CV witha <b<c
0<h,<hforallveV
hy > hy + 1+ |E| - (dgy,p) — 1) for all pairs (u,v) € V x V with {u,v} € E

Observe that equation (2) ensures that the variables d(, ,) indeed determine an orientation O
of the swap graph. Equations (3) and (4) enforce conditions (I) and (II). Equation (5) forbids
3-cycles in the orientation and by Theorem 4 therefore implies that O is acyclic, i.e., it is a tangle
orientation. Equations (6) and (7) ensure that for each edge the height of the target is at least
the height of the source plus 1 and that h is an upper bound for all height values of all vertices.
Note that equation (7) is trivially satisfied for a pair (u,v) if d(,.) = 0. Further, the fact that h
is minimized, ensures that h is the height of the orientation O. We conclude that the optimal
solution of the ILP are precisely the acyclic tangle orientations of minimum height.

5 Experimental Evaluation

In this section we experimentally evaluate the performance of the two optimal solvers for the simple
tangle height minimization problem and compare it with the algorithm proposed by Firman et al. [5,
6]. As each of our algorithms offers several degrees of freedom and allows several optimizations, we
first compare them individually and determine the best-performing versions of the search-based
algorithm from Section 3 and of the ILP-based approach from Section 4 that are based on the
notion of swap graphs. Finally, we compare the best variants with each other on somewhat larger
instances.

As test data for the initial comparison of the different variants of each approach we chose the
natural ordering 1,2, ..., n as the start ordering and generated random final orderings of {1,...,n}
for n =5,...,45. For each size n we generated 100 random instances.

All experiments were run on a single core of an Intel Xeon E5-2620v4 @ 2.10 GHz Processor,
with 8GiB of RAM directly connected, running Debian 11 (bullseye) on kernel version 5.10.0-13.
All algorithms are implemented in Java and run on an OpenJDK Runtime Environment (build
11.0.14). We use gurobi? version 9.5.0 as ILP solver. We use a time limit of 180s per instance in
our experiments. If an algorithm runs out of memory (OOM), we treat the same as if it would
have exceeded the time limit (TLE).

5.1 Comparison of Search-Based Approaches

In this section we compare the running times of several algorithms that are based on the ideas
behind Theorem 2. We refer to the original algorithm by Firman et al. [5,6], which performs a BFS

2www.gurobi.com
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Figure 14: Comparison of the running times of the search-based algorithms (a) and the ILP
approaches (b). The time limit was set to 180 seconds and sizes where less than 75% of the
instances could be solved are cut off. The shaded areas indicate the standard deviation.

on the graph of permutations as Bfs. To reduce the memory footprint in practice, we construct
the graph of permutations on the fly rather than constructing it up-front and then searching a
shortest path. Based on Theorem 1, we can limit our exploration of this graph along edges that
correspond to maximal swap sets. We refer to this variant of the algorithm as BfsMax.

An alternative to this is a search based on a DFS. To limit the search depth, we use Wang’s
algorithm to compute a solution that has height h < OPT + 1. We then limit the search depth
of the DFS to h — 1. If we find a solution at depth h — 1, it must be optimal. Otherwise, we
know that the solution computed by Wang’s algorithm is optimal. Following the naming scheme
for the BFS-based algorithms, we denote the basic version of this approach by Dfs. The variant
that explores only edges that correspond to maximal swap sets is called Df sMax, while the variant
that uses only O(n?) space by enumerating the outgoing edges one by one with amortized constant
delay is called DfsMaxPoly.

Figure 14a shows the running times with respect to the number n of wires. Both Bfs and
Dfs consistently hit the time limit of 180s below 20 wires. The restriction to maximal swap sets
considerably improves the performance and lets them solve instances that are far larger. In terms
of running time, DfsMaxPoly is en par with DfsMax, indicating that the overhead incurred by the
enumeration is not significant. Figure 15a shows that all BFS-based algorithms are inherently
memory bound. Bfs hits the memory bound on nearly all instances starting from about 35 wires.
However, as Figure 15b shows, even though memory is not yet an issue, it consistently exceeds
the time limit even below 20 wires. By comparison Dfs very rarely runs out of memory, even
for n > 40 but it exceedingly slows and does not even manage to solve any instance with 15 wires.
The restriction to maximal swap sets greatly improves the performance, even more so for Bf sMax
than for DfsMax. However starting from about 24 wires, BfsMax starts to run out of memory
for about 35% of the instances in total. By constrast, DfsMax and DfsMaxPoly never run out
of memory and exceed the time limit for only few instances in total. Overall, BfsMax, DfsMax
and DfsMaxPoly are the strongest candidates that perform equally well. The former tends to run
out of memory from 40 wires onwards, but if it goes through, it is usually slightly faster than
the latter two. Since DfsMax and DfsMaxPoly seem to perform equally well and there is no big
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Figure 15: The number of instances for which the algorithms went out of memory (a) or exceeded
the time limit (b).

algorithmic difference, we only compare the DfsMaxPoly in our large comparison to the rest.

5.2 The Integer Linear Program

In this section, we experimentally evaluate the ILP from Section 4, which is based on the swap
graph. We consider several variants of it. First, the basic ILP as described in Section 4.3, which
we denote by ILP. Second, it is possible to provide the solver also with a solution to the ILP and
we use the one computed by Wang’s algorithm. We call this approach I1pSol. Third, it can be
seen that if the orientation encoded by the d(,,,) variables of the ILP is not acyclic, then there is
no feasible value for h. It follows that the ILP obtained by dropping Equation (5) is equivalent
to the original ILP. We refer to this as I1pNoAcyclic. Fourth, using Wang’s algorithm, we can
compute a solution of height b’ < OPT + 1. We can then add the constraints h > h'—1 and h < i/
to limit the search space of the ILP. The reason for this is that often ILP-based approaches spend
a significant amount of time on proving the optimality of a solution candidate. The bounds in
this case allow the ILP solver to immediately conclude that a solution of height A’ — 1 is optimal
and in case it disproves the existence of a solution of height b’ — 1, it can immediately conclude
that height A’ is optimal. We call the variant ILP with these bounds I1pBounds. Finally, we also
consider a variant I1pAll that combines all of these optimizations.

In each implementation, given an input ordering, we first compute its swap graph and determine
the complete triples and the fixed edges. Afterwards we construct the corresponding ILP and solve
it using gurobi. Figure 16a shows the running time of the ILP-based approaches on the test
instances. The evaluation shows that starting from size 20 all ILPs start running into timeouts for
some of the instances. Dropping the acyclicity constraints barely improves the performance over
the baseline ILP, and ILP and IlpNoAcyclic barely solve instances above size 30. Surprisingly
I1pSol performs far better, and it even beats IlpBounds, which indicates that even finding a
feasible solution for the ILP can be far from trivial. I1pAll overall performs best and solves
about 90% of the instances even for 45 wires within the time limit, beating I1pSol in terms of
running time for larger instances. Overall we can conclude that I1pAll is clearly superior to all
other variants. Interestingly, Figure 16b shows that, after filtering the difficult instances that hit
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Figure 16: Performance comparison of the different ILP approaches with time limit 180s. In (a)
we count the amount of instances that exceeded the time limit, in (b) they are filtered out and the
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Figure 18: (a) Runnimg times of the best search-based algorithms and the best ILP. (b) A scatter
plot showing the running times for I1pAll and DfsMaxPoly. Every point corresponds to one
instance. The time limit was one hour, and out of memory errors were interpreted as time limit

exceeded and their time increased accordingly.

the time limit, all ILP variants exhibit a clear exponential dependency on the ordering size n.

5.3 Overall Comparison

We now compare the most efficient variants of each of the different approaches and BFS (for
comparison with Firman et al.), i.e., BfsMax, DfsMaxPoly, and I1pAll on larger instances of size
up to 60 and with a time limit of 1h. As before, we generate 100 random orderings for each size.
Figure 18a shows the running times. We see, that Bf s cannot handle instances of size 20 or more.
For ordering sizes up to 40 the new search-based algorithms are superior to I1pAll. However, for
larger instances I1pAll preserves good performance. On the other hand, Bf sMax consistently runs
out of memory from size 40, while the running time of Df sMax and Df sMaxPoly become increasingly
worse. The Figure also suggests that DfsMax and Df sMaxPoly behave basically the same on those
small instances. This is no surprise as we basically need the same time for computing the outgoing
edges on demand or all at once. Also the improvement to polynomial space seems unimportant
for n < 60, as DfsMax does not run out of space. A more detailed look at the running times for
I1pAll and DfsMaxPoly (for clarity we omit DfsMax, as it looks basically the same) in Figure 18b
reveals that the search-based algorithms are consistently faster than I1pAll up to size 25. From
then on, their performance starts to vary wildly, which is likely explained by the point of time when
the algorithm finds a better solution than the one given by Wang’s algorithm. I1pAll, on the other
hand, exhibits a clear but moderate exponential dependency of its running time on the number of
wires, which in Figure 18a is somewhat obscured by the relatively few instances (5-10%) where
I1pAll exceeds the time limit. A detailed look at the number of instances where the algorithms
fail due to running out of memory or exceeding the time limit (see Figure 17) reveals that I1pAll
does not solve about 10% of the instances up to size 60, whereas DfsMax and DfsMaxPoly fail
on more than 20% of the instances of size 45, and this increases to about 50% for size 60. Our
recommendation is therefore to exclusively use DfsMaxPoly up to size 30 and to run I1pAll and

DfsMaxPoly in parallel for larger instances.
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Figure 19: The amount of wires is n = 30 everywhere, and agian out of memory errors where
interpreted as time limit exceeded and their needed time raised accordingly. (a) Running time with
respect to the number of inversions in the final ordering for Bf sMax, I1pAll, and DfsMaxPoly. To
smoothen the plot, the swap sizes are grouped into buckets of size 9.(b) Scatter plot of the running
times of BfsMax and I1pAll. The points that correspond to instances where I1pAll exceeds the
time limit have been slightly displaced to remove the overlap with the instances where BfsMax
exceeds the time limit or runs out of memory.

It is an interesting question whether the difficulty of an instance is correlated with the number
of swaps, i.e., the number of inversions of the final ordering. To answer this question, we generated
an additional data set with a fixed the number of n = 30 wires that contains final orderings with &
inversions for k € {0,1,2,...,435}. We generated 7 instances for each number of inversions.
The results of the algorithms are shown in Figure 19a. For DfsMaxPoly there is a clear correlation
between the number of inversions and the running time. For BfsMax and I1pAll such a correlation
is also present, but the results seem to vary more strongly depending on the actual input. The
scatter plot in Figure 19b reveals that there are difficult instances for these algorithms even with
relatively few inversions and generally the running time increases with the number of inversions.
As the number of inversions approach the maximum, BfsMax starts to consistently run out of
memory. On the other hand, I1pAll also works well for instances whose number of inversions is
close to the maximum, which intuitively makes sense since lower bounds for such instances are
most likely easier to obtain.

6 Conclusion

We have conducted an experimental study of height-minimization algorithms for simple tangles.
First, we have developed search-based exponential-time algorithms that improve over the previous
approach by Firman et al. [5,6]. Second, we have transformed the tangle height minimization
problem for simple tangles into a graph orientation problem, which allowed us to formulate it as an
ILP. Our experimental evaluation shows that our algorithms can solve significantly larger instances
than previous algorithms. We hope that the ability to solve larger instances and the connection to
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graph orientation problems may be useful tools for addressing our main open question: Can the
height of simple tangles be computed in polynomial time?
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