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Abstract. An ¢-page stack layout (also known as an ¢-page book embedding) of a
graph is a linear order of the vertex set together with a partition of the edge set into ¢
stacks (or pages), such that the endpoints of no two edges on the same stack alternate.
We study the problem of extending a given partial ¢-page stack layout into a complete
one, which is a natural generalization of the classical NP-hard problem of comput-
ing a stack layout of an input graph from scratch. Given the inherent intractability
of the problem, we focus on identifying tractable fragments through the refined lens
of parameterized-complexity analysis. Our results paint a detailed and surprisingly
rich complexity-theoretic landscape of the problem which includes the identification of
paraNP-hard, W[1]-hard, and XP-tractable, as well as fixed-parameter tractable frag-
ments of stack layout extension via a natural sequence of parameterizations.

1 Introduction

An /-page stack layout (or £-page book embedding) of a graph G consists, combinatorially speaking,
of (i) a linear order < of its vertex set V(G) and (ii) a partition o of its edge set E(G) into £ > 1
(stack-)pages such that for no two edges (with distinct endpoints) wv and wz with u < v and w < z
that are assigned to the same page their endpoints alternate in <, i.e., we have u < w < v < .
When drawing a stack layout, the vertices are placed on a line called the spine in the order
given by < and the edges of each page are drawn as pairwise non-crossing arcs in a separate
half-plane bounded by the spine, see Figure la. Stack layouts are a classic and well-studied
topic in graph drawing and graph theory [6,12,32]. They have immediate applications in graph
visualization [4,27,40] as well as in bioinformatics, VLSI design, and parallel computing [14,29];
see also the overview by Dujmovi¢ and Wood [22].
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Figure 1: (a) A graph H and a two-page stack layout of it. In (b), the graph H and its two-page
stack layout are extended by the new vertices and edges marked in blue.

The minimum number ¢ such that a given graph G admits an ¢-page stack layout is known as
the stack number, page number, or book thickness of G. While the graphs with stack number ¢ =1
are the outerplanar graphs, which can be recognized in linear time, the problem of computing the
stack number is NP-complete in general. Indeed, the class of graphs with stack number ¢ < 2
are precisely the subhamiltonian graphs (i.e., the subgraphs of planar Hamiltonian graphs) and
recognizing them is NP-complete [6,14,41]. Computing the stack number is known to also remain
NP-complete if the vertex order is provided as part of the input and ¢ = 4 [38], and overcoming the
intractability of these problems has been the target of several recent works in the field [10,11,26,31].
Many other results on stack layouts are known—for instance, every planar graph has a 4-page stack
layout and this bound is tight [5,42]. For a comprehensive list of known upper and lower bounds
for the stack number of different graph classes, we refer to the collection by Pupyrev [35].

In this paper, we take a new perspective on stack layouts, namely the perspective of drawing
extensions. In drawing-extension problems, the input consists of a graph G together with a partial
drawing of G, i.e., a drawing of a subgraph H of G. The task is to insert the vertices and edges
of G which are missing in H in such a way that a desired property of the drawing is maintained; see
Figure 1b for an example. Such drawing-extension problems occur, e.g., when visualizing dynamic
graphs in a streaming setting, where additional vertices and edges arrive over time and need to
be inserted into the existing partial drawing. Drawing-extension problems have been investigated
for many types of drawings in recent years—including planar drawings [1,30,33,34], upward planar
drawings [16], level planar drawings [13], 1-planar drawings [23,24], planar orthogonal drawings [2,
3,9], drawings with bounded geometric thickness [17], and, as a follow-up work to the conference
version of this article [19], for queue layouts [18]—but until now, essentially nothing was known
about the extension of stack layouts/book embeddings.

Since it is NP-complete to determine whether a graph admits an ¢-page stack layout (even when ¢
is a small fixed integer), the extension problem for {-page stack layouts is NP-complete as well-after
all, setting H to be empty in the latter problem fully captures the former one. In fact, the extension
setting can seamlessly also capture the previously studied NP-complete problem of computing an
l-stack layout with a prescribed vertex order [10, 11,14, 38, 39]; indeed, this corresponds to the
special case where V(H) = V(G) and E(H) = 0. Given the intractability of extending ¢-page
stack layouts in the classical complexity setting, we focus on identifying tractable fragments of
the problem through the more refined lens of parameterized-complexity analysis [15,21], which
considers both the input size of the graph and some additional parameter k of the instance'.

1We assume familiarity with the basic foundations of parameterized complezity theory, notably including the
notions of fized-parameter tractability, XP, W[1]-, and paraNP-hardness [15].
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Figure 2: The complexity landscape of STACK LAvyouT EXTENSION. VEDD denotes the ver-
tex+edge deletion distance, w denotes the page width of the ¢-page stack layout of H, and
k= |V(G)\V(H)| + |E(G)\ E(H)|. Boxes outlined in bold represent new results for the given
parameterizations that we show in the linked theorems and corollaries. The only results that are
not depicted are Theorems 1 and 6.

Contributions. A natural parameter in any drawing-extension problem is the size of the missing
part of the graph, i.e., the missing number of vertices and/or edges. We start our investigation by
showing that the STACK LAYOUT EXTENSION problem (SLE) for instances without any missing
vertices, i.e., V(G) = V(H), is fixed-parameter tractable when parameterized by the number of
missing edges |E(G) \ E(H)| (Section 3).

The above result, however, only applies in the highly restrictive setting where no vertices
are missing—generally, we would like to solve instances with missing vertices as well as edges. A
parameterization that has been successfully used in this setting is the vertex+edge deletion distance,
i.e., the number of vertex and edge deletion operations? required to obtain H from G. But while this
parameter has yielded parameterized algorithms when extending, e.g., 1-planar drawings [23, 24]
and orthogonal planar drawings [9], we rule out any analogous result for SLE by establishing its
NP-completeness even if H can be obtained from G by deleting only two vertices (Section 4).
This means that more “restrictive” parameterizations are necessary to achieve tractability for the
problem of extending ¢-page stack layouts. Since the missing vertices in our hardness reduction
have a high degree, we then consider parameterizations by the combined number of missing vertices
and edges k = |V(G)\ V(H)| + |E(G) \ E(H)|. We show that SLE belongs to the class XP when
parameterized by x (Section 5) while being W/[1]-hard (Section 6), which rules out the existence of
a fixed-parameter tractable algorithm under standard complexity assumptions. The latter result
holds even if we additionally bound the page width w of the stack layout of H, which measures
the maximum number of edges that are crossed on a single page by a line perpendicular to the
spine [14]. On our quest towards a fixed-parameter tractable fragment of the problem, we thus
need to include another restriction, namely the number ¢ of pages of the stack layout. So finally,
when parameterizing SLE by the combined parameter x + w + ¢, we show that it becomes fixed-
parameter tractable (Section 7). The last result gives rise to the question whether SLE remains
fixed-parameter tractable under the more general parameter k+¢. As our final result, we provide a
positive answer to this question for the restricted setting where no two missing vertices are adjacent
(Section 8). We summarize the complexity landscape of SLE in Figure 2.

2 Preliminaries

We assume the reader to be familiar with standard graph terminology [20]. Throughout this paper,
we assume standard graph representations that allow for efficient graph modifications. For two

2As usual, we assume that deleting a vertex automatically also deletes all of its incident edges.
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integers p < ¢ we denote with [p, ¢] the set {p,p+1,...,¢} and use [p]p and [p] as abbreviations
for [0,p] and [1,p], respectively. Let G be a graph that is, unless stated otherwise, simple and
undirected, with vertex set V(@) and edge set E(G). For X C V(G), we denote by G[X] the
subgraph of G induced on X.

Stack Layouts. For an integer £ > 1, an {-page stack layout of G is a tuple (<g,0q) where <¢g
is a linear order of V(G) and og: E(G) — [¢] is a function that assigns each edge to a page p € [{]
such that for each pair of edges e; = ujv; and ey = ugvy with og(e1) = og(e2) it does not hold
U1 <g U2 <g V1 <qg V2. For the remainder of the paper, we write < and o if the graph G is
clear from context. We call < the spine (order) and o the page assignment. Observe that we can
interpret a stack layout as a drawing of G on ¢ different half-planes, one per page p € [¢], each of
which is bounded by the straight-line spine delimiting all half-planes. On each page p € [¢], all
edges on p are drawn as (circular) arcs that run monotonically in the direction of the spine, forming
a planar drawing of the page. One fundamental property of a stack layout is its page width—denoted
as w((=<,0)) or simply w if (<, o) is clear from context—which is the maximum number of edges
that are crossed on a single page by a line perpendicular to the spine [14]. The properties of stack
layouts with small page width have been studied, e.g., by Stohr [36,37].

We say that two vertices v and v are consecutive on the spine if they occur consecutively in <.
A vertex u € V(G) sees a vertex v € V(G) on a page p € [{] if there does not exist an edge
e=uzy € E(G) witho(e) =pand z <u <y <voru—<az=<v<y. Note that if u sees v, then v
also sees u. For two vertices u and v which are consecutive in <, we refer to the segment on the
spine between u and v as the interval between u and v, denoted as [u, v].

Problem Statement. Let H C G be a subgraph of a graph G. We say that (<g,o0q) is an
extension of (<g,on) if oy C og and <y C <G. We now formalize our problem of interest:

STACK LAYouT EXTENSION (SLE)
Given Integer ¢ > 1, graph G, subgraph H of G, and ¢-page stack layout (<p, o).

Question Does there exist an f-page stack layout (<g,0q) of G that extends (=g, 0n)?

We remark that while SLE is defined as a decision problem for complexity-theoretic reasons,
every algorithm presented in this article is constructive and can be trivially adapted to also output
a layout (<g,0q) as a witness (also called a solution) for positive instances. For an instance
=G, H{<mg,om)) of SLE, we use |Z| as shorthand for |V(G)|+ |E(G)| + ¢. Furthermore, we
use (¢,G, H,(<,0)) as a shorthand for (¢, G, H, (<g,0oq)) when denoting instances of SLE.

In line with the terminology previously used for drawing-extension problems [23], we refer to
the vertices and edges in V(H) U E(H) as old and call all other vertices and edges of G new. Let
Vadad and FE.qq denote the sets of all new vertices and edges, respectively, and set naqq = |Vadd|
and Madd = |Eada|. Furthermore, we denote with E, the set of new edges incident to two old
vertices, i.e., Bl = {e = uv € Faqa | u,v € V(H)}. We consider the parameterized complexity
of our extension problem by measuring how “incomplete” the provided partial solution is using
the following natural parameters that have also been used in this setting before [7,8,23-25]: the
vertex+edge deletion distance, which is n,qq + |E§id , and the total number of missing vertices and
edges, i.e., Naqd + Madd-
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3 SLE with Only Missing Edges Is FPT

We begin our investigation by first analyzing the special case where V(G) = V(H), i.e., when
only edges are missing from H. We recall that the problem remains NP-complete even in this
setting, as it generalizes the problem of computing the stack number of a graph with a prescribed
vertex order [10,11,14,38,39]. Furthermore, both aforementioned measures of the incompleteness
of (<pg, o) are the same and equal maqq = ‘Eﬂld|. As a “warm-up” result, we show that in this
setting SLE is fixed-parameter tractable parameterized by m.q4q-

Towards this, consider the set S(e) C [¢] of pages on which we could place a new edge e without
introducing a crossing with edges from H; formally, p € S(e) if and only if (<g,05 U (e,p)) is an
l-page stack layout of H U {e}. Intuitively, if |S(e)| is large enough, then we are always able to
find a “free” page to place e independent of the placement of the remaining new edges. Formally,
one can easily show:

Lemma 1 Let Z = (¢,G, H,(<,0)) be an instance of SLE with Vaqqa = 0 that contains an edge
€ € FEaqqa with |S(e)| > maqa. The instance T' = (¢,G’', H,(<,0)) with G' = G \ {e} is a positive
instance if and only if T is a positive instance.

Proof: First, note that removing an edge from G and adapting the page assignment o accordingly
does not invalidate an existing solution (<, o) to SLE for Z. Hence, the “(<=)-direction” holds
trivially, and we focus on the “(=)-direction”.

(=) Let I’ be a positive instance of SLE with the solution (<,0). By our selection of e,
there exists a page p € S(e) such that we have for every edge e’ € E,qq with e’ # e that o(e’) # p
holds. We take (<,0) and extend o by the page assignment (e,p) to obtain (<g,0g). By the
definition of S(+), this cannot introduce a crossing with edges from H and by our selection of p, no
crossings with other edges from FE,4q are possible either. Hence, (<q,0q) is a valid stack layout
of G that extends (<, o) as we did not alter (<, o) except extending the page assignment. Thus,
it witnesses that Z is a positive instance of SLE. O

With Lemma 1 in hand, we can establish the desired result:

Theorem 1 Let T = (¢,G, H,(<,0)) be an instance of SLE with Vyaa = 0. We can find an
L-page stack layout of G that extends (<, o) or report that none exists in O(maqqa™=9 - |Z|) time,
where maqq denotes the number of new edges.

Proof: We compute for a single edge e € FE,qq the set S(e) in linear time by checking with
which of the old edges e would cross. If S(e) > maqq, then we remove e from G. Overall, this
takes O(maqq - |Z|) time and results in a graph G’ with H C G’ C G. Furthermore, each edge
¢ € E(G')\ E(H) can be put in fewer than m,qq different pages. Hence, we can brute force the
possible page assignments for each new edge e’. Each of the resulting O(m,qq™=¢) different ¢-page
stack layouts (<, o) is by construction an extension of (<, o). Creating (<, o) can be done by
copying (<p,om) and then augmenting it with O(m,qq) new edges. This amounts to O(|Z|) time.
For each created ¢-page stack layout, we can check in linear time whether it is crossing free. To this
end, we can traverse the spine from left to right and maintain one stack per page that stores one
copy of the first endpoint of every edge for which exactly one endpoint has already been visited.
Checking for crossing-freeness now corresponds to verifying that whenever we visit a vertex v,
exactly the vertices {u | uv € E(G),u < v,o(uv) = p} are on the top of the stack for the page p,
for every page p € [¢]. Overall, this takes time linear in the number of edges of G.
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If there exists a crossing free layout, then applying Lemma 1 iteratively tells us that we can
extend it to a solution (<g, o) for Z. If none of them is crossing free, we conclude by applying
(iteratively) Lemma 1 that Z does not admit the desired f-page stack layout. Combining all, the
overall running time is O(magq™* - |Z|). O

4 SLE with Two Missing Vertices Is NP-Complete

Adding only edges to a given linear layout is arguably quite restrictive. Therefore, we now lift
this restriction and consider SLE in its full generality, i.e., also allow adding vertices. Somewhat
surprisingly, as our first result in the general setting we show that SLE is NP-complete even if the
task is to merely add two vertices, i.e., for nyqq = 2 and E;{ld = (). This rules out not only fixed-
parameter but also XP tractability when parameterizing by the vertex+edge deletion distance, and
represents—to the best of our knowledge—the first example of a drawing-extension problem with this
behavior.

To establish the result, we devise a reduction from 3-SAT [28]. Let ¢ = (X,C) be an instance
of 3-SAT consisting of N variables X = {z1,...,2y} and M clauses C = {c1,...,cnm}, each
consisting of three different and pairwise non-complementary literals. Intuitively, the reduction
constructs an instance Z = (¢,G, H,(<,0)) of SLE which represents each variable z; and each
clause c; of ¢, respectively, by a corresponding vertex in H. The linear order <z has the form
T < %2 < ... <N <1 <...=<cyp; see Figure 3. Furthermore, Z contains two new vertices s
and v. The vertex s is adjacent to all variable-vertices and the construction will ensure that the
page assignment for its incident edges represents, i.e., selects, a truth assignment I' for ¢. The
vertex v is adjacent to all clause-vertices, and its purpose is to werify that the truth assignment
satisfies all clauses. For the following high-level description of how this is achieved, we assume
s < v < 27 and will ensure later that every solution (<, o) of Z has this property.

To each variable x;, we associate two pages p; and p-; corresponding to its possible truth
states. We ensure that s can see each variable-vertex x; only on its associated pages using edges
between two dummy vertices d; and d;11 with s < d; < x; < d;41, for all ¢ € [N]. Hence, a
page assignment for the edges incident to s induces a truth assignment. Similarly, edges between
two dummy vertices dy4; and dyyj41 with v < dyy; < ¢;j < dyyj41 ensure that v can see a
clause-vertex c; only on the pages that are associated to the negation of the literals the clause c;
is composed of, for all j € [M]; see Figure 3. We defer the full construction to Section 4.1. We
observe that the edge vc; must be assigned to a page associated to the negated literals of ¢;. If an
induced truth assignment does not satisfy a clause c;, then vc; will cross another edge no matter
which page we use, see also Figure 4. However, if a clause c; is satisfied, we can find a page for the
edge vc; that does not introduce a crossing: the page associated to the negation of the literal that
satisfies ¢;. Consequently, if ¢ is satisfiable, then there exists an extension (<¢, o). Similarly,
the page assignment of an extension (<¢,0¢) induces a truth assignment I' that satisfies .

Finally, recall that our approach hinges on some way to restrict the new vertices s and v to
be placed within a certain range, i.e., before x;. We realize this using the fization gadget that we
describe in Section 4.2. We also reuse this gadget in the reduction from Section 6. In Section 4.3,
we show how this can be build into our reduction to prove Theorem 2.

The graph H that we construct will have multi-edges to facilitate the presentation of the
reduction. The procedure for removing multi-edges is detailed in Section A.
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Figure 3: Parts of the spine order <. Green vertices represent variables, blue vertices clauses,
and red vertices the dummy vertices. Furthermore, we visualize some edges in H that are created
for the variable-vertices (left) and clause-vertices (middle and right). If an edge is created due to
the (non-)existence of a literal in the clause ¢, ¢, or ¢ps it is indicated via a blue arc.

4.1 Encoding the Variables and Clauses: The Base Layout

For each variable x; and each clause c; in ¢ we introduce a vertex in H. In the following, we use
the same symbol to address an element of ¢ and its representation in H. Let us first fix the spine
order <g. For every i € [N —1] and j € [M —1], we set z; < ;41 and ¢j < ¢j41. Furthermore, we
order the variables before the clauses on the spine, i.e., we set x5 < ¢;. Next, we add N + M + 1
dummy vertices di, da, ..., dvtam+1 to H and distribute them on the spine. More concretely,
we set d; < x; < dip1 and dyi; < ¢j < dnyj41 for every ¢ € [N] and j € [M]. By taking the
transitive closure of the above order, we obtain the following linear order, which we also visualize
in Figure 3.

di <21 <dy <29 <...<2ny <dnyy1 <1 <...<cpy <dANyM+1

We now turn our attention to the page assignment oy and create for each variable x; € A the
two pages p; and p—;. Intuitively, the assignment of an edge incident to x; to either of these two
pages will determine whether z; is true or false. For each i,j € [N] with ¢ # j, we create the
edges e(x;,pj) = didi41 and e(z;, p-;) = didi41 in H. We assign the edge e(z;, p;) to the page p;
and the edge e(x;,p-;) to p-;, i.e., we have o(e(x;,p;)) = p; and o(e(z;,p-;)) = p-j. Figure 3
(left) visualizes this. Note that this introduces multi-edges in H, but recall that we resolve them
in Section A. In particular, we will address these multi-edges in Section A.2. Next, we consider
each combination of a clause ¢c; € C and a variable z; € X. If z; does not appear in c;, we
create the edges e(¢j,p;) = dn4jdn+j+1 and e(cj, p—;) = dn4jdN4j+1. Similar to before, we set
o(e(cj,pi)) = p; and o(e(cj, p—i)) = p—i- If z; appears in ¢; without negation, we create the edge
e(cj,pi) = dntjdntjy1 and set o(e(c;,p;)) = pi. Symmetrically, if x; appears negated in ¢;,
we create the edge e(c;,p-;) = dn4;dn4;+1 and set o(e(cj, p-i)) = p-i. We visualize this page
assignment in Figure 3 (middle and right).

This completes the base layout of our reduction. However, we have only defined parts of H
and its stack layout (<, o) and complete the construction in Section 4.3. Next, we introduce two
new vertices s and v in G. The vertex s is adjacent to each z; € X and the vertex v is adjacent to
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<G

p1
Pp-1
p2
P-2
p3

Figure 4: The edges incident to s induce the truth assignment x; = 1, 25 = 0, and 3 = 0. This
assignment satisfies the clause ¢; = (1 V —@a V 23), as we can set o (ver) = pe, but not the clause
co = (mx1 Vo V x3), as we cannot find a page for the edge ves.

each ¢; € C. Let us assume for the moment that in every extension (<q,oq) of (<u,on) we have
s < v < dy. Then, the vertex s can see each x; € X only on the pages p; and p—;. Hence, the page
assignment of sx; can be interpreted as the truth state of x;. Similarly, from the perspective of the
vertex v, each ¢; € C is only visible on the pages that correspond to the complementary literals of
c;. So intuitively, if the page assignment of the edges incident to s induces a truth assignment that
falsifies c;, then these new edges will block the remaining available pages for the edge vc;. Hence,
v verifies the truth assignment induced by the edges incident to s; recall Figure 4. This indicates
the intended semantics of our reduction but has still one caveat: We have to ensure that we have
s < v < dy in every solution to our created instance.

4.2 Restricting the Placement of New Vertices: The Fixation Gadget

The purpose of the so-called fization gadget is to restrict the possible positions of new vertices to
given intervals. As this gadget will also find applications outside this reduction, we describe in the
following in detail its general construction for F' > 1 new vertices F = {f1,..., fr}.

First, we introduce 3(F + 1) new vertices vy,...,vp41, b1,...,bp41, and ai,...,ap41. For
each i € [F + 1], the vertex b; will be placed directly before and the vertex a; directly after the
vertex v; on the spine. Therefore, we fix the spine order <y among these vertices to by < vy <
a1 <= by < w2 <az < ... < bpi1 < vp41 < apqa; see also Figure 5. Then, every new vertex
fi is made adjacent to v; and v;4; and we aim to allow these new edges to be placed only in a
dedicated further page pg. To achieve this, we first introduce for every i € [F + 1] and every page
p # pq an edge e(b;, a;,p) = b;a; in H and set o(e(b;, a;,p)) = p; see Figure 5. Furthermore, we
also introduce the edges b;v; and v;a; and set o(b;v;) = o(v;a;) = pq for every i € [F + 1]. For
every i € [F], we add the edge v;v;1+1 and place it on the page py, i.e., we have o(v;v;11) = pa.
Finally, we also create the edge bjap41 and set o(bjaps1) = pg. To complete the construction of
the fixation gadget, we add the new edges f;v; and f;v;41 for every i € [F] to G. Figure 5 shows
an example of the fixation gadget for F' = 2.

Next, we show that the fixation gadget forces f; to lie between v; and v;11 on the spine and
the edges f;v; and f;v;11 to be on the page pq for every i € [F].

Lemma 2 Let T = (¢,G,H,(<,0)) be an instance of SLE that contains a fixation gadget on F
vertices {f1,..., fr}. In any solution (<g,0q) to T and for every i € [F], we have v; < f; < vi41
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Figure 5: A fixation gadget for F' = 2 with five other pages in the stack layout. We also highlight
the intended position for f; and fo on the spine and the page assignment for their incident edges.

and o(fiv;) = o(fiviy1) = pa. Furthermore, the fixation gadget contributes 4F + 3 vertices and
(L +4)F + £+ 2 edges to the size of T.

Proof: Let (<g,0¢) be a solution to Z = (¢, G, H, (<, 0)). First, we will show that v; < f; < v;41
must hold. Towards a contradiction, assume that there exists a solution (<q,oq) with f; < v;.
Observe that f; < v; also implies f; < v; 41 and recall that we have in H the edges e(b;11,ait+1,p)
for every page p # pa. As bit1 <g vit1 <g ai+1 and (<g,0¢) is an extension of (<y,on), fi
can see v;4+1 only on the page py. Hence, we must have o(f;v;4+1) = pq. We will now distinguish
between the following two cases. On the one hand, there could exist a j with 1 < j < i < F', such
that v; < fi < vj41 < vi+1. However, since we have UH(Ujij) = pg, this cannot be the case, as
this would introduce a crossing on the page p; between the edges f;v; 41 and v;v;11. On the other
hand, we could have f; < by, i.e., f; is placed at the beginning of the fixation gadget. Observe
that we have in this situation f; < by < v;41 < apy1 and og(bjaps1) = pg. Hence, we would
introduce a crossing on the page ps between the edges f;v;+1 and biapi1. As o(fivit1) = pa can
therefore not hold, we have no page to which we could assign f;v;+1 without introducing a crossing,
contradicting the assumption that we have a solution with f; < v;. As the arguments that exclude
vi+1 < f; are symmetric, we obtain that v; < f; < v;41 must hold in any solution to Z.

Secondly, we will show that o(f;v;) = o(fiviy1) = pq holds. Towards a contradiction, assume
that there exists a solution (=g, og) with o(fjv;) # pa for some i € [F]. Hence, o(f;v;) = p holds
for some page p # pg. Recall that we have the edge e(b;, a;,p) with og(e(b;,a;,p)) = p. This
allows us to strengthen v; < f; < v;41, which we have shown before, to v; < f; < a; under the
assumption of o (f;v;) = p, as we would otherwise have a crossing with the edge b;a; on the page p.
However, then we can conclude from o (v;a;) = pg and the existence of the edges e(b;1,ait1,p)
with o (e(bit1,a,41,0")) = p', for any page p’ # pg, and f; < a; < bj11 < v;11 < a;+1 that there
does not exist a feasible page assignment for the edge f;v;11. This contradicts our assumption of a
solution with o(f;v;) # pg and a symmetric argument rules out any solution with o(f;v;+1) # pa-

Thirdly, we analyze the size of the fixation gadget. Recall that F consists of F vertices, and
we introduce 3(F + 1) vertices in H. Furthermore, the fixation gadget contributes one page to
an (existing) stack layout (<,c) of H on £ — 1 pages. Regarding the number of edges, we create
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in H (¢ —1)(F + 1) edges of the form b;a;, i € [F + 1], 2(F + 1) edges of the form b;v; or v;a,,
i € [F + 1], F edges of the form v;v;11, ¢ € [F], and the edge bjapy;. Together with the 2F new
edges that we add to G, this sums up to (£ +4)F + £ + 2 edges. O

Lemma 2 tells us that we can restrict the feasible positions for f; to a pre-defined set of consecutive
intervals by choosing suitable positions for v; and v; 1 in the spine order <. As the fixation gadget
requires an additional page pg, we must ensure that the existence of the (otherwise mostly empty)
page pg does not violate the semantics of our reductions. In particular, we will (have to) ensure
that our full constructions satisfy the following property.

Property 1 Let T = ({,G,H,{(<,0)) be an instance of SLE that contains a fization gadget
on F wertices {f1,...,fr}. In any solution (<g,0c) to I and for every new edge e € Faqq
with o(e) = pq, we have e € {f;v;, fivig1 |1 € [F]}.

4.3 The Complete Reduction

Recall the base layout of our reduction that we described in Section 4.1 and illustrated with
Figure 3. There, we created, for a given formula ¢, one vertex for each variable z; and each clause c;.
Furthermore, each x; should only be visible on two pages that correspond to its individual truth
states and each c; should only be visible on three pages that correspond to the complementary
literals in c¢;. However, the intended semantics of our reduction rely on the assumption that new
vertices can only be placed on a specific position, and in a specific order, on the spine. Equipped
with the fixation gadget, we will now satisfy this assumption.

For an instance ¢ = (X,C) of 3-SAT, we take the base layout of our reduction as described in
Section 4.1 and incorporate in H a fixation gadget on two vertices, i.e., for F' = 2. We set ag < dy,
i.e., we place the fixation gadget at the beginning of the spine, and identify s = f; and v = fs.
Furthermore, we add the edge didy+ar+1 and set o(didysar+1) = pa- Observe that this ensures
that our construction will have Property 1, as this edge prevents connecting s with z; or v with ¢;
on page pq for any i € [N] and j € [M]. Finally, we add to G the new edges sz; and ve; for every
i € [N] and j € [M]. This completes our reduction, and we establish with the following theorem
its correctness; see also Figure 6 for an example of our construction for a small formula.

Theorem 2 SLE is NP-complete even if we have just two new vertices and EIL = 0.

Proof: NP-membership of SLE follows immediately from the fact that we can encode a solution
(=,0) in O(|Z]) space and can verify it in polynomial time. Thus, we focus in the remainder of
the proof on showing NP-hardness of SLE.

Let ¢ = (X,C) be an instance of 3-SAT and let Z = (¢, G, H, (<, o)) be the obtained instance
of SLE. The number of vertices and edges in H that we created in the base layout of Section 4.1
is in O(N 4+ M). Furthermore, in the base layout, we used 2N pages. Together with the page from
the fixation gadget, we have £ = 2N + 1. As F = 2 is constant, the contribution of the fixation
gadget to the size of H and G is linear in ¢ by Lemma 2. Hence, the overall size of Z is polynomial
in the size of ¢. Clearly, the time required to create Z is also polynomial in the size of ¢ and it
remains to show the correctness of the reduction.

(=) Assume that ¢ is a positive instance of 3-SAT and let I' : X — {0,1} be a truth
assignment that satisfies every clause. To show that Z is a positive instance of SLE, we create a
stack layout (<, o) of G. We first ensure that it extends (<p, o) by copying (<, om). Next, we
set a; < s < by, az < v < by and o(sv1) = o(sv2) = o(vva) = o(vvs) = pg as shown in Figure 6.
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Figure 6: An example of our reduction for the formula ¢ consisting of the clauses ¢; =
(1 V2o Vas) and co = (—21 Vg Vg). The extension indicated in saturated colors induces
the truth assignment I'(z1) = I'(x2) = 1 and T'(z3) = 0, which satisfies .

Furthermore, for every variable z; € X, we set o(sx;) = p; if I'(z;) = 1 and o(sz;) = p-; otherwise.
For every clause ¢; € C, we identify a variable x; that satisfies the clause c¢; under I'. As I satisfies
every clause, the existence of such an x; is guaranteed. Then, we set o(sz;) = p; if I'(z;) = 0 and
o(sxz;) = p-; otherwise.

To show that (<, o) is crossing-free, we first observe that for the fixation gadget, our generated
solution satisfies the necessary properties stated in Lemma 2. We can observe that in our page
assignment, new edges cannot cross old edges. Hence, we only have to ensure that no two new
edges cross. No two new edges on page pq can cross, so assume that there is a crossing on page p;
for some ¢ € [N]. We observe that only edges of the form sx; and vc; for some z; € X and ¢; € C
can cross, as they are otherwise incident to the same vertex. As there is a crossing on the page p;,
we must have by construction that the variable x; appears negated in the clause c; but we have
I'(z;) = 1. Hence, z; does not satisfy c;, which is a contradiction to our construction of (<, o), for
which we only considered variables that satisfy the clause c;. Therefore, a crossing on the page p;
cannot exist. As the argument for a crossing on page p—; is symmetric, we conclude that (<, o)
must be crossing-free and hence witnesses that Z is a positive instance of SLE.

(<) Assume that 7 is a positive instance of SLE. This implies that there exists a wit-
ness extension (<g,0q) of (<pg,on). As T contains the fixation gadget, we can apply Lemma 2
and deduce that s < v < d; holds. Based on (<¢g,0G), we now construct a truth assignment
I': X — {0,1} for . For each variable x; € X', we consider the page assignment o(sz;). Recall
that we have s < dy < x; < dyyap+1 and og(didysa+1) = pa- Together with s < d; < x; < djq
and o (d;d;+1) = p for any page p € [{] \ {pd4, pi,p-i}, we conclude that o(sz;) € {p;,p-;} must
hold. We set I'(z;) = 1 if o(sz;) = p; holds and T'(z;) = 0 if o(sz;) = p; holds and know by the
above arguments that I' is well-defined. What remains to show is that I' satisfies ¢. Let c; be an
arbitrary clause of ¢ and consider the page p with o(ve;) = p. As we have oy (didn+m+1) = Pd
we know that p # pg must hold, i.e., the page p is associated to some variable z;. For the re-
mainder of the proof, we assume p = p; as the case p = p—; is symmetric. Recall that we have
dnyj <# ¢j <H dN+j+1, or(e(c;,pir)) = pir, and og(e(cj,p-i)) = p-s for any variable z; € X
that does not occur in c;. Hence, we know that x; must occur in ¢;. Furthermore, the same
reasoning allows us to conclude that x; must appear negated in c;, as we would otherwise have
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a crossing. Using s < v < x; < ¢; and our assumption of o(ve;) = p;, we derive that z; will be
visible from s on page p—; only, i.e., we have o(sx;) = p—;. By our construction of I, we conclude
I'(xz;) = 0. Hence, z; satisfies ¢; under I'. As ¢; was selected arbitrarily, this holds for all clauses
and therefore must I" satisfy the whole formula ¢, i.e., it witnesses that ¢ is a positive instance of
3-SAT. O

Finally, we want to remark that Theorem 2 is tight in the sense that SLE with only one new
vertex v and Egid = () can be solved in polynomial time. To this end, we can branch over all
[V(H)| +1 = |V(G)| possible spine positions where v can be placed. For each of these, the
observation that edges incident to the same vertex can never cross each other allows us to greedily
assign a new edge uv to the first page p where v can see u. Recall that we only add one new
vertex v. Hence, u is an old vertex whose spine position is known. Clearly, an extension exists if
and only if there exists a spine position for v such that our greedy page assignment can find a page
for all new edges.

Remark Let T = (¢,G, H,(<,0)) be an instance of SLE with naaa = 1 and EX, = 0. We can
find an L-page stack layout of G that extends (<, o) or report that none exists in O(|V(G)|-maqa-|Z|)
time, where maqq denotes the number of new edges.

5 SLE Parameterized by the Number of Missing Vertices
and Edges Is in XP

In the light of Theorem 2, which excludes the use of the vertex+edge deletion distance as a
pathway to tractability, we consider parameterizing by the total number of missing vertices and
edges K = naqd +Madq- As our first result in this direction, we show that parameterizing SLE by k
makes it XP-tractable. To this end, we combine a branching procedure with the fixed-parameter
algorithm for the special case obtained in Theorem 1.

Theorem 3 Let T = (¢,G, H,(<,0)) be an instance of SLE. We can find an (-page stack layout
of G that extends (<,0) or report that none exists in O(|V(G)|"* - maga™=4 - |Z|) time, where
Nadd and Mmaqq denote the number of new vertices and edges, respectively.

Proof: We branch over the possible assignments of new vertices to the intervals in <y. As a
solution could assign multiple vertices to the same interval, we also branch over the order in which
the new vertices will appear in the spine order <¢. Observe that <y induces |V (H)| + 1 different
intervals, out of which we have to choose n,qq with repetition. Recall that ("+’]§_1) denotes the
number of ways one can choose k out of n elements with repetition. Plugging in the correct values
for n and k, together with the possible orders of the new vertices, we can bound the number of

branches by n,q4q! - (‘V(Ii )de"“dd). We can simplify this expression to
Nadd! - (|V (H)] + nada)! (IV(H)| + naqa)! 10 . n
= =121 (|V(H)| +14) € O(V(G)|"*49).
nadd! - (IV(H)] + nadd) — nada)! V(H)! “P(VH) + 1) € O(V(G)[™)

In each branch, the spine order <¢ is fixed and extends <. Hence, it only remains to check
whether < allows for a valid page assignment og. As each branch corresponds to an instance of
SLE where only edges are missing, we use Theorem 1 to check in O(maqq™=9 - |Z|) time whether
such an assignment o exists. The overall running time now follows readily. O
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The running time stated in Theorem 3 not only proves that SLE is in XP when parameterized
by &, but also FPT when parameterized by m,qq for constant n,qq. However, common complexity
assumptions rule out an efficient algorithm parameterized by x, as we show next.

6 SLE Parameterized by the Number of Missing Vertices
and Edges Is W[1]-hard

In this section, we show that SLE parameterized by the number x of missing vertices and edges is
WI(1]-hard. To show W([1]-hardness, we reduce from the MULTI-COLORED CLIQUE (McC) problem.
Here, we are given a graph G, an integer k£ > 0, and a partition of V(G¢) into k independent
subsets V1, ..., Vi, and ask whether there exists a colorful k-clique C C V(G¢) in Ge, i.e., a clique
on k vertices that contains exactly one vertex of every set V;, i € [k]. It is known that McC
is W[1]-hard when parameterized by & [15]. In the following, we will use Greek letters for the
indices of the partition and denote with n, the number of vertices in Vj, i.e., no = |V,|. Observe
that >°, ey na = N with N = [V(Gc¢)|. As we can interpret the partitioning of the vertices into
Vi,..., Vi as assigning to them one of k colors, we will call a vertex v, € V,, with a € [k] and
i € [ng) a vertex with color a. Our construction will heavily use the notion of a successor and
predecessor of a vertex in a given spine order <. For a vertex u, the function succ(=<, u) returns the
successor of u in the spine order <, i.e., the consecutive vertex in < after u. Note that succ(=<, )
is undefined if there is no vertex v € V(G) with u < v. We write succ(u) if < is clear from context.
The predecessor function pred(=<, w) is defined analogously.

Let (Go, k, (V1,..., Vi) be an instance of McC. Our instance contains for every original ver-
tex v8, € V(G¢) a copy ul, € V(H). Furthermore, we add for each color a € [k] to H two
additional vertices and, overall, three further dummy vertices that we use to ensure correctness
of the reduction. We place the vertices on the spine based on their color o and index i; see Fig-
ure 7 and Section 6.1, where we give the full details of the base layout. Observe that every vertex
vt € V(Ge) induces the interval [uf,u’ ] in <p, which we denote with Y (v?). The equivalence
between the two problems will be obtained by adding a k-clique to G that consists of the k new
vertices X = {x1,...,zx}. Placing z, € X in Y(v%)) indicates that v! will be part of the colorful
k-clique in G¢.

To establish the correctness of our reduction, we have to ensure two things. First, we have to
model the adjacencies in G¢. In particular, two new vertices z, and zg, with o < 3, should only
be placed in intervals induced by vertices adjacent in G'c. We enforce this by adding for every edge
e = vflvé € E(G¢) a page pe that contains a set of edges creating a tunnel on p., see Figure 8,
and thereby allowing us to place the edge z,23 € E(G) in the page p. if and only if z, is placed
in Y(v?) and x4 in Y(vé). Hence, the page assignment verifies that only pairwise adjacent vertices
are in the solution, i.e., new vertices can only be placed in intervals induced by a clique in Go. We
describe the tunnel further in Section 6.2.

Second, we have to ensure that we select exactly one vertex v!, € V,, for every color a € [k].
In particular, the new vertex x, should only be placed in intervals that are induced by vertices
from V,,. To this end, we modify H to include an appropriate fixation gadget by re-using some
vertices of the base layout; see Section 6.3 for details. As the whole base layout thereby forms the
fixation gadget, our construction trivially satisfies Property 1.

The above two ideas are formalized in Properties 2 and 3. With these properties at hand,
we show at the end of Section 6.4 that SLE is W[1]-hard when parameterized by x. As in the
reduction from Section 4, we will allow multi-edges in the graph H to facilitate presentation and
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Figure 7: The base layout of our reduction. We use colors to additionally differentiate vertices
that originate from different vertex sets V,, for o € [k], and the dummy vertices uf), u} and u} .

understanding. In Section A.3 we will discuss a way to remove the multi-edges by distributing the
individual edges over auxiliary vertices.

6.1 Creating Intervals on the Spine: Our Base Layout

Recall that G has the vertex set V(G¢) = {vf,..., v *} partitioned into Vi,..., V) with V, =
{vk,... 0%} for a € [k]. We create the N + 2k + 3 vertices {ul, | a € [k], j € [na + 1o} U
{ud,uY ,u'} in H. Note that for each original vertex v¥, € V(G¢), we have a copy ul,. We will
refer to the vertices u, v, and u) as dummy vertices and set, for ease of notation, L = k + 1
and n; = 0. We order the vertices of H on the spine by setting u!, < u4™ and uZe™ < ud
for every o € [k] and i € [ng)o. Furthermore, we set uf < u{ and u < u!. The spine order is
then the transitive closure of the above partial orders. We visualize it in Figure 7 and observe that
succ(ul)) = uif? for every vf, € V(Ge).

As already indicated, we define the set X = {x1,..., 2} to contain k (new) vertices, which
we add to G. Furthermore, we form a k-clique on X, i.e., we add the edges z,z5 for all 1 < a <
B <k to E(G). Recall that Y (v!) denotes the interval [u?,,succ(<y, ul)]. We use the following
equivalence between a solution (<g,0g) to SLE and a solution C to McC.

0 perdet. T, is placed in Y (v)) <= vl e€C (1)

ul, <z < suce(<g, u
To guarantee that C is colorful, i.e., contains exactly one vertex from each color, we will ensure the
following property with our construction.

Property 2 In a solution (<,0) to SLE we have ud < xq < ud,, for every o € [k].

Of course, our construction does not yet fulfill Property 2. We will show in Section 6.4 that the
finished construction indeed does fulfill Property 2.

6.2 Creating One Page per Edge: Encoding the Adjacencies

Having fixed the base order on the spine, we now ensure that we only select vertices that are
adjacent in G¢, i.e., we encode the edges of G¢ in our stack layout (<, om). Let e = vévé be an
edge of G¢ and recall that, by our assumption, we have o # 3. Furthermore, we assume for ease
of presentation that o < 3 holds, which implies uf, < ujﬁ We create the following edges in H; see
Figure 8. Note that each of them is assigned to the page p. in o, where p. is a new empty page
that we associate with the edge e. Firstly, we create the edge u}yuzﬁ_l for each v € [k]\ {a, 5}; see
Figure 8a. Secondly, we create the edges ul uf, and u’Flu*1 as shown in Figure 8b. Similarly, we
add the edges u};ufg and ufé“'luzﬂﬂ. If i € {1,nq} or j € {1,ng}, we omit creating the respective

edge to not introduce self-loops in H. Thirdly, we create the edges ugu'};l and ufj‘lu‘;}, which

we mark in Figure 8c in black. One can readily verify that these edges in the page p. do not

cross. Furthermore, observe that the edges ufxu];rl and uﬁj’lug create a tunnel on the page pe
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Figure 8: Edges of H that model the adjacency given by the edge e = vgvg € E(G¢). All of these
edges are placed on the page p.. Intuitively, we span the intervals induced (a) by all vertices for
each color v € [k]\ {«a, B} and (b) by vertices of the colors a and § that are not incident to e, here
visualized for the color . (€) Furthermore, we create a tunnel that connects Y (v?) with Y (v}).
The gray edges in (c) are from (a) and (b).

connecting Y (vf) and Y(’Ué). Intuitively, the edges on the page p. ensure that if z; is placed in

Y (v?) then z; sees on page p. only vertices that are placed in the interval Y(vé). More formally,
we will have the following property.

Property 3 Let (<,0) be a solution to an instance of SLE that fulfills Property 2 and for which
we have e = vflvf; € E(Ge), 1<a< B <k, and 4,25 € X. If 0(z075) = pe then x4 is in Y (V%)

and xg is in Y(vé).

6.3 Restricting the Placement of New Vertices: Encoding the Colors

Until now, the new vertices in X can be placed in any interval on the spine. However, in McC we
must select exactly one vertex from each color. Recall Property 2, which intuitively states that each
new vertex should only be placed in intervals that correspond to its color. We now use the fixation
gadget to ensure that our construction fulfills Property 2. Observe that we already introduced
in Section 6.1 the required vertices of the fixation gadget when creating the base layout of our
reduction. More specifically, we (implicitly) create in H and our construction the fixation gadget
on F = k vertices F = X by identifying, for a € [k+1], v; = u%, b; = pred(u?), and a; = succ(u?),
where we use ¢ = « to differentiate between the vertices from the fixation gadget and the graphs
G¢ and H. We also introduce the corresponding edges of the fixation gadget, which we visualize
for the vertices in this construction in Figure 9. Recall that when introducing the fixation gadget
in Section 4.2, we required that our instance must fulfill Property 1, which states that py must
only be used by new edges that were introduced in the fixation gadget. However, observe that
any new edge e € E(G) \ (E(H) U {zqul,z,ul , | @ € [k]}), ie., that was not introduced in
the fixation gadget, is of the form e = z,25 for 1 < o < f < k, i.e., one of the edges in the
k-clique. Lemma 2 tells us that for every new vertex z, € X we have u) < x4 < ud,, in any
extension (<g,0q) of (<m, o). This implies that we have u, < 2o < ud; S uj <z < uf,,.
Together with having udug, 1, upuy,, € E(H) and og(udug,,) = o(ubul,,) = pa, this rules out
oc(zaxg) = pg. Hence, we observe that the fixation gadget is formed on the base layout and our
construction thus (trivially) fulfills Property 1.
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Figure 9: We use a fixation gadget to encode the color constraints. This figure is an adapted
version of Figure 5 that shows the fixation gadget on k vertices with the vertices used in this
reduction. We visualize the dummy page pg and a page p. created for an edge e € F(G¢).

6.4 Bringing It Together: Showing Correctness of the Reduction

We start by shortly summarizing our construction. Recall that we want to insert k new vertices
that form a clique. On a high level, we first created for each vertex v?, € V(G¢) a copy u’, € V(H)
and ordered the latter vertices depending on the color « and the index i. Then, we created for
each edge e € F(G¢) a page p. on which we formed a tunnel that will enforce for every new
edge assigned to p. that its endpoints lie in specific intervals via Property 3. Finally, we used the
fixation gadget to ensure that a new vertex can only be placed in intervals for its color, i.e., that
our construction will enforce Property 2. Overall, we obtain for an instance (G¢, k, (V1,..., V%)) of
McC an instance Z = (¢, G, H, (<, 0)) of SLE that we parameterize by the number & of missing
vertices and edges. Before we show correctness of the reduction, we first argue in Observation 1
and Lemma 3 that 7 fulfills Properties 2 and 3, respectively. Recall that Property 2 is defined as
follows.

Property 2 In a solution (<,0) to SLE we have ud, < xq < ud,, for every o € [k].

In Section 6.3, when incorporating the fixation gadget on F' = k vertices in our construction, we
identified v; = u% and f; = x,, for every a € [k] and i = a. Similarly, we identified vpy1 = “2+1'
The fixation gadget now guarantees thanks to Lemma 2 that we have vy, <¢ fo <¢ Va+1, i-€.,
ul, < To < ubyq, in any solution (<¢,o¢). Hence, we can observe the following.

Observation 1 Our instance T of SLE fulfills Property 2.

Recall that Lemma 2 furthermore tells us that we have in any solution (<¢, o) the page assignment

o(zaud) = o(zqud ;) = pg for every a € [k]. As we have by Property 2 u) < 2, < ul; and

furthermore by the construction of the fixation gadget o (pred(u®)ul) = og(udsucc(ul)) = pa

for every a € [k], we cannot have in (<¢,0¢) that ud < x4 < suce(<y, ud) or pred(<p, ul ;) <
To < u 41 holds, as this would introduce a crossing on page pq. As we have in <y the equality
succ(ul) = uy, and pred(ud ) = ulet! for every a € [k], we can strengthen Property 2 and obtain

the following.
Property 4 In a solution (<,0) to SLE we have ul, < x < uT1 for every o € [k].

Finally, we now show that our construction fulfills Property 3, which was defined as follows.

Property 3 Let (<,0) be a solution to an instance of SLE that fulfills Property 2 and for which
we have e = vgvé € E(Ge), 1<a< B <k, and zo,25 € X. If 0(z075) = pe then x4 is in Y (V%)
and xg is in Y(vé).
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Lemma 3 Our instance T of SLE fulfills Property 3.

Proof: First, recall that we made Observation 1, i.e., our construction fulfills Property 2. Let
(<@,0a) be a solution to SLE with o(zazs) = pe, for e = vjv} € E(Go), 1 < a < < k.

Property 4 tells us that ul, < z, < uZe*! and u}; < z5 < ugﬁﬂ holds. Property 4 also holds for
any new vertices z and x5 with v, € [k] \ {a, 5} and v # 6. Furthermore, we have the edges
u#uzwﬂ and u};u?“ 1 on page p.. Hence, all new edges on the page p. must be among new vertices
placed in intervals induced by vertices of color « or .

- Now assume that we have ul < zo = up. Using op(ulul) = pe together with ul < =z, =
ul, < xg, we derive that ul, < z, < ul, results in a crossing on page p.. Hence, ul < 1y < Ul
cannot hold. Now assume that we have uf! < z, < u?*! From og(uiflu?*l) = p. and
ufj‘l < x4 S uleTt < x5 we get that ul! <z, < ulet! results in a crossing on page p.. Hence,
uitt < 2, < ulet cannot hold. Since we can exclude u} < z, < u?, and v’ <z, < uleT! by
the construction of the tunnel on the page p., we can derive that z, must be placed in Y (v}). As
similar arguments can be made for xg, we can conclude that we get a crossing on page p. unless z,

is placed in Y (v}) and z5 in Y(’U,i@). O
We are now ready to show correctness of our reduction, i.e., show the following theorem.
Theorem 4 SLE parameterized by the number k of missing vertices and edges is W[1]-hard.

Proof: Let (Ge,k, (V1,...,Vi)) be an instance of McC with N = |[V(G¢)| and M = |E(G¢).
Furthermore, let Z = (¢,G, H,{<,0)) be the instance of SLE parameterized by the number s of
missing vertices and edges created by our construction described above.

We first bound the size of Z and note that we create N + 2k + 3 vertices in H in Section 6.2
and k additional new vertices in G in Section 6.1. We enrich H by k + 4 edges for each edge
e € E(G¢). This gives us M (k +4) edges in H so far. Furthermore, in Section 6.3, we use a
fixation gadget to keep the new vertices in place. As we introduce for the fixation gadget no new
vertex but rather identify vertices of the fixation gadget with already introduced ones from H, it
only remains to account for the edges of the gadget, which are (M + 5)k + M + 3; see Lemma 2
and note that (<, op) has £ = M + 1 pages as we create one page for each edge in G¢ and have
the dummy page from the fixation gadget. Finally, we also add a clique among the k new vertices,
which are (’;) additional edges. Overall, the size of H and G is therefore in O(N + Mk + k?).
Hence, the size of the constructed instance is polynomial in the size of G¢ and the new parameter
is bounded by a (computable) function of the old parameter, more specifically, we have nygq = k
and muqq = (g) + 2k, thus kK = 3k + (’;) The instance Z can trivially be created in FPT(x)-time.
We conclude with showing the correctness of our construction.

(=) Let (Go,k, (Vi,...,Vi)) be a positive instance of McC with solution C = {vi,...,v]}.
We construct a witness extension (<g,0q) of (<m,om) to show that Z is a positive instance
of SLE. First, we copy (<m,om) to ensure that (<g,0q) extends (<pg,on). Then, we extend
(<G,0¢q) as follows.

For every v}, € C, we set ul, < xq < ust. We also set o(zqul) = o(zqud, i) = pq. For every
To,xg € X with 1 < a < 8 < k let z, be placed in Y (v),) and zs be placed in Y(v%). We set
o(zqxs) = pe for the edge e = vgvé. As C is a clique, we must have Uivé € E(G¢) and thus we
have the page p. in Z, i.e., this page assignment is well-defined. This completes the creation of
(=G,0G). As it is an extension of (<p, o) by construction, we only show that no two edges on
the same page cross.
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It is trivial that no two new edges, i.e., edges from FE,qq, can cross as they are all put on
different pages. For the edges z,ul, and zqud ., it is sufficient to observe that we assemble the
necessary page assignment from Lemma 2. What remains to do is to analyze the edges of the form
zoxg3. Recall that we set o(xzq23) = p. for e = vflvé and z, is placed in Y (v},) and zp is placed in
Y(vé). To see that there does not exist an old edge ¢/ = wv € E(H) that crosses z,2g, i.e., with
o(e') =pe and u < x4 < v < xg, recall that the only old edge ¢ = uv on the page p. for which we
have u < x, < v is the edge ¢’ = ufxu];l. However, we have zg < ugfl, i.e., the edge €’ “spans
over” the edge zo2 5. As a similar argument can be made to show that there cannot exist an edge
e =uv € E(H) with o(¢’) = pe and z, < u < x5 < v, we conclude that there are no crossings on
the page pe.

As all edges are covered by these cases, we conclude that no two edges of the same page in
(<¢,0q) can cross, i.e., (<g,0¢) is a witness that Z is a positive instance of SLE.

(«=) Let Z be a positive instance of SLE. Hence, there exists a stack layout (<¢,o¢q) that
extends (<pg,om). We now construct, based on (<g,0a), a set C of k vertices and show that it
forms a colorful clique in G¢. Recall that Z fulfills Properties 2 and 3 and contains the fixation
gadget. From Property 2 and Property 4, we conclude that we have ul < x, < u?e*! for each
a € [k]. Let z, be placed in some Y (v’). We now employ our intended semantics and add v,
to C. Property 2 ensures that each vertex in C will have a different color, i.e., for each a € [k]
there exists exactly one vertex v, € C such that v, € V,,. Hence, it remains to show that C forms
a clique in G¢.

Let #4,23 € Vaaa be two arbitrary new vertices placed in Y (v) and Y(vé), respectively.
Assume without loss of generality z, < x3. To show fové € E(Gc¢), let us consider the edge
rozs € E(G). We have o(z,z5) = p for some page p € [{]. Trivially, p # pg because ul <
To < ud,y < zp and o (uQuld, ) = pa. Furthermore, for any e = uwv € E(G¢) with u € V,, and
v &V, we get p # p.. This follows from o (ulu?t) = p, and ul < z, < uleT! < z45. Similar
arguments also hold if u ¢ V3 and v € V3. Hence, p = p for an edge e € E(G¢) N (Vi X V) must
hold. However, now all prerequisites for Property 3 are fulfilled. Thus, we can conclude that the
only possible edge e is e = vivé. For any other edge ¢’ € E(G¢) N (V, x Vp), either z, or x3
are not positioned in the right interval with respect to <. Thus, Property 3 tells us (indirectly)
that we cannot use the page p.s for the edge x,xg. As the edge z,x3 has to be placed in some

page, and we ruled out every possibility but the page that would be created for the edge vgvg, we

conclude that vévé € E(Gc¢) must hold. As z, and zg are two arbitrary new vertices from Va4,
we derive that C forms a (colorful) clique in G, i.e., (Go,k, (V1,...,Vk)) is a positive instance of
McC. ]

Figure 10 shows an example of the reduction for a small graph G¢o with three colors. Taking a
closer look at our construction for Theorem 4 (and Figure 10), we make the following observation.
Consider a line [ perpendicular to the spine. On the page p. for an edge e = vgvé € E(G¢), the
line [ intersects at most one edge if placed in the interval for a color v with v < a or v > 3. If
a < v < B, the line [ can in addition intersect the edges ufxug_l and uij‘lu]ﬁ of Figure 8c. Finally,
if v € {a, 8}, the line [ intersects at most the full span of the tunnel, which has a width of three,
see again Figure 8. Hence, the width of the page p. is at most three. Similarly, for the page pq,
Figures 5 and 9 show that its width is also at most three. Hence, the page width w of (<g,oq) is

constant and we obtain Corollary 1.
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Figure 10: An instance (G¢, 3, (V1, V2, V3)) of McC (top) and the SLE instance resulting from our
construction (bottom). Colors indicate (correspondence to) the partition. The extension (<, o)
indicated in saturated colors induces the colorful 3-clique C = {vi,vi,vi} in Go. The edges in
G¢|C] and their corresponding pages are highlighted in red.

Corollary 1 SLE parameterized by the number k of missing vertices and edges and the page
width w of the given layout, i.e., by k + w, is W[1]-hard.

7 Adding the Number of Pages as Parameter for SLE

In this section, we complete the landscape of Figure 2 by showing that SLE becomes fixed-
parameter tractable once we add ¢ to the parameterization considered by Corollary 1, i.e., we
show the following theorem.

Theorem 5 Let T = (¢,G, H,(<,0)) be an instance of SLE. We can find an {-page stack layout
of G that extends (<,0) or report that none exists in O(£™a94 - n,qq! - Maqq 24t wmadd .44 -|Z))
time, where Naqq and Mmaqq denote the number of new vertices and edges, respectively, and w is the
page width of the given layout (<, o).

We will make use of the following concepts. Consider a page p of a stack layout (<,o) of G
and recall that we can interpret it as a plane drawing of the graph G’ with V(G') = V(G) and
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outer face

Figure 11: A stack layout (<, o) and the faces on page p. Note that each edge has the same color
as the face it identifies. While the vertex w is incident to the face uv, the vertex x and the interval
[w, z] are not. However, the face uv still spans the interval [w, z].

Figure 12: Visualization of super intervals. Each color represents one super interval. Vertices
from Vi, are marked in green.

E(G") ={e € E(G) | o(e) = p} on a half-plane, where the edges are drawn as (circular) arcs. A
face on the page p in (<, o) coincides with the notion of a face in the drawing (on the half-plane p)
of G'. This also includes the definition of the outer face. See Figure 11 for a visualization of these
and the following concepts and observe that we can identify every face, except the outer face, by
the unique edge e = wv € E(G) with v < v and o(e) = p that bounds it from above. In the
following, we will address a face by the edge it is identified with. Similarly, we say that an edge
induces the face it identifies. We say that a vertex w is incident to the face uv (on some page
p) if w < w = v holds and there does not exist a different face v'v’ (on the same page p) with
u = u <w=<v <. Similarly, an interval [w, ] is incident to a face if the (non-existing) vertex
y with w < y < z is incident to the face; note that every interval is incident to precisely one face
on each page. Finally, we say that a face uv spans an interval [w, z] if u < w < & < v holds; note
that [w, 2] might not be incident to the face uwv.

Let Vine € V(H) be the vertices of H that are incident to new edges, i.e., Vipc = {u € V(H) |
there is an edge e = uv € Faqq}. The size of Vi, is upper-bounded by 2m,qq. We will define an
equivalence class on the intervals of <y based on the location of the vertices from Vj,.. Consider
the two intervals [u1,v;] and [ug,vs] defined by the old vertices wuj, vy, ug and v, respectively.
These two intervals are in the same equivalence class if and only if {w € Vipe | w 2 u1} = {w €
Vine | w < ug} and {w € Vipe | v1 2 w} = {w € Vipe | v2 < w} holds. Each equivalence class,
which we call super interval, consists of a set of consecutive intervals delimited by (up to) two
old vertices; see Figure 12. Note that the first and last super interval are defined by a single
vertex v € Vipe. The number of super intervals is bounded by 2m.qq + 1. We denote the super
interval delimited by the two vertices u,v € Vipe with u < v by [[u, v]]. For the remainder of this
paper, we assume that every super interval is bounded by two vertices. This is without loss of
generality, since we can place dummy vertices at the beginning and end of the spine and assume
that they bound the first and the last interval. Furthermore, we write Y(w) = [[u,v]] to denote
that the new vertex w € V,qq is placed, with respect to a given spine order <, in the super
interval [[u, v]]. Furthermore, for a given <g, we define <\ g to be its restriction to new vertices,
i.e., for every two vertices u,v € Vagq we have that v < v implies u <\ g v.
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A Helpful Lemma Towards the Fixed-Parameter Algorithm. With the above concepts
at hand, we can now describe our algorithm. It consists of a branching step, where we consider all
possible page assignments for the new edges, all relative orders among the new vertices, all their
possible assignments to super intervals, and all the distances new edges can have from the outer
face with respect to H, i.e., for each new edge e, how many edges of H we need to remove until e
lies in the outer face of the stack layout for H and e; see Figure 14. The core of our approach is
a (dynamic programming) algorithm that we apply in each branch. In particular, we aim to show
the following lemma.

Lemma 4 Given an instance T = (¢, G, H,(<,0)) of SLE, (i) a page assignment o for all edges,
(ii) an order <c\p in which the new vertices will appear along the spine, (iii) for every new vertex
v € Vaaa an assignment to a super interval, and (iv) for every new edge e an assigned distance w,
to the outer face with respect to H and (<,0). In O(naqd * Madd - |Z|) time, we can compute an
l-page stack layout of G that extends (<, o) and respects the given assignments (1)—(iv) or report
that no such layout exists.

Before we show Lemma 4, we first make some observations on the assignments (i)—(iv) and their
immediate consequences. In the following, we only consider consistent branches, i.e., we discard
branches where from assignment (ii) we get u <\ g v but from assignment (iii) ¥ (u) = [[a, b]] and
Y (v) = [[e,d]] with ¢ < d < a < b, as this implies v < u. We can check this in O(n,q42) time.

First, we observe that assignment (i) fully determines the page assignment o¢. Thus, it allows
us to check whether an edge e € Eﬁid? i.e., a new edge incident to two old vertices, crosses any old
edge or another new edge from EZ,. To do this efficiently, we first extend (<, 0n) in O(madq)
time by the (at most) maqq new edges EX ;. Afterwards, we can check in linear time if the resulting
stack layout (<’,0’) is crossing-free. Overall, this takes O(madq + |Z|) time.

Second, assignments (i) and (ii) allow us to check whether two new edges e = ua, e’ = vb € Eaqq
with u, a,v,b € Vaqq will cross each other. This can be done in linear time as well. First, we create
in O(|Z]) time the stack layout (<q\ m,0¢), where og(e) = og(e) for all e = uv € Eaqq with
u,v € Vada. Afterwards, we check in O(|Z]) time if (<q\ g, 0¢) is crossing free.

Third, adding assignment (iii), we can also check this for new edges with some endpoints in
V(H), i.e., extend this to all u,a,v,b € V(G). Hence, assignments (ii) and (iii) together with <g
fix the relative order among vertices incident to new edges. Figure 13 shows an example where the
assignments imply a crossing among two new edges. Observe that by similar arguments as above,
we can perform these checks in linear time: We first restrict <g to Viye, i.e., old vertices which
are endpoints of new edges, and obtain <’. Afterwards, we extend <’ by <\ m while respecting
assignment (iii) and obtain a total order <” among all vertices that are endpoints of new edges.
This enables us to construct in linear time a stack layout (<”,o”) that contains all new edges
E,44, including Ealéd. We then check if the resulting stack layout is crossing free.

All of the above checks together can be done in O(n,q4q4? + |Z]) time. Clearly, if the assignments
(i)—(iv) imply a crossing in an ¢-page stack layout of G or contradict each other, we report that
no layout exists that respects assignments (i)—(iv). However, if not, we still need to find concrete
spine positions for the new vertices. The main challenge here is to assign new vertices to faces
such that adjacent new vertices are in the same face and not in two different faces with the same
distance to the outer face. For this, we use assignment (iv) together with a dynamic programming
(DP) algorithm. Finally, recall that assignment (i) completely determines the placement of new
edges from Eﬁid. Since we have already ensured that they are crossing-free with respect to both
old and new edges, we exclude them in the upcoming discussion. However, we will argue in the
proof of Lemma 4 that re-inserting them in the end is safe.
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Figure 13: The crossing between the orange edge ¢ = wua and the blue edge ¢/ = vb, where
the vertices a, u, and v are new, is already implied by the page assignment o (assignment (i)),
relative order among the new vertices u, v, and a, i.e., by u < v < a (assignment (ii)), and their
assignment to the super intervals, in particular by Y(a) (assignment (iii)). The super intervals are
indicated by color, and we visualize one possible spine position of the new vertices consistent with
the assignments.

<y (Y 3 n

Figure 14: Visualization of the semantics of w.. Every face of (<p,cn) has one particular dis-
tance w, to the outer face, shown in gray. Both highlighted new edges are in a face with w, = 2.

The Intuition Behind the DP-Algorithm. Recall that assignment (iv) determines for every
new edge ¢ = uv € F,qq the distance w, to the outer face with respect to (<pg,on); see again
Figure 14. We first observe that if w and v are two new vertices, ¢ and the intervals in <y in
which v and v are placed in uniquely determine the single face e is embedded in. If only one of
them is new, say v, the same holds true by using w,. even without having access to the interval v
is placed in, since we know if v < u or u < v holds due to assignment (iii). Furthermore, for every
possible distance w, € [w]p and every interval in <y, there is at most one face on the page o(e)
with distance w, to the outer face that spans the interval. Hence, we address in the following for a
given interval [a, b] with a <g b the face on the page o(e) at the distance w, to the outer face, if it

([f’b]. Note that wLa’b] = 0 always refers to the outer face, independent of the vertices

a and b. However, for two different intervals [a, b] and [a’, b'] the expressions Wl and Wl can

identify two different faces.

exists, with w

As a consequence of the above observation, we can decide for each interval of <y whether we
can position a new vertex v there, i.e., whether v sees each adjacent vertex using the respective
face (in the assigned page) at the corresponding distance from the outer face. We now consider
the ordering of the new vertices as in <g\ g, i.e., we have v1 < vy < ... < v,,,,. Furthermore, we
number the intervals of <y from left to right and observe that there are |V(H)| + 1 intervals.

Consider a hypothetical solution (<, o) which we cut vertically at the ith interval of <. This
partitions the new vertices into those that have been placed left and right of the cut. For new
vertices placed in the ith interval of <y, different cuts at the ith interval yield different partitions
into left and right. Furthermore, some of the new edges lie completely on one side of the cut, while
others span the cut. For j € [naq4], let G; be the graph G[V(H) U {v1,...,v,}], i.e., the subgraph
of G induced by the vertices of H and the first j new vertices. We will refer to edges that span the
cut and thereby only have one endpoint in G; as half-edges, and denote with v- a half-edge with
endpoint v € G;. Let Gj be G; extended by the half-edges Ej ={vp | U0y € Baq, 1 <2 <j<
Y < Maga}; see Figure 15. In the following, we denote with et the half-edge that we create for the
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Figure 15: (@) The graph G with the new vertices and edges highlighted in blue and (b) the graphs
Go and (c) GF. Half-edges are indicated with dashed lines.

edge e. For the half-edge et = v, and the edge e = v,v,, we call the vertex v, inside G, denoted
as Vj(e), and the vertex v, outside G;, denoted as V;(e).

Consider again the hypothetical solution (<, o) and its vertical cut at the ith interval. Assume
that j vertices have been placed in (<, o) left of the cut. The stack layout (<,o) witnesses
the existence of a stack layout for G; that extends (<m,on) and uses only the first ¢ intervals.
Furthermore, for every half-edge e* in Gj the face where e is placed in gives us a set of candidate
intervals for the vertex Vj(e), namely those incident to that face. Hence, we can describe a partial
solution of (<, o) by a tuple (4, 7).

The DP-Algorithm. Let D be an (|[V(H)|+ 1) X (nada + 1) X 2 binary table. In the following,
we denote an entry (4,7,r) for i € [|[V(H)|+ 1], j € [naga + 1], and r € {0,1} as a state of the
algorithm. A state (i,7,r) for i € [|[V(H)|+ 1], j € [nadaa + 1], and r € {0,1} is called feasible if
and only if there exists, in the current branch, an extension of (<y,oy) for the graph G, with the
following properties.

(FP 1) The j new vertices are positioned in the first ¢ intervals and their placement respects
assignment (iii), i.e., their assignment to a super interval.

(FP 2) If r = 1, the last vertex v; has been placed in the ith interval. Otherwise, i.e., if r = 0, the
last vertex v; has been placed in some interval ¢’ with ¢’ < .

(FP 3) For every half-edge et of Gj, the face in which we placed (the first endpoint of) et spans
the ith interval.

Note that for FP 3, we neither require that there exists some interval i’ with ¢ < i’ for the
vertex Vj(e) that is incident to w? nor that this i’th interval is part of Y (V;(e)), i.e., the super
interval for V;(e) according to assignment (iii). However, we will ensure all of the above points
in the DP when placing V;(e). Furthermore, while the last (binary) dimension is technically not
necessary, it simplifies our following description. Finally, note that we (correctly, as required in
some solutions) allow positioning multiple vertices in the same interval of <.

Our DP will mark a state (i,7,7) for i € [|[V(H)| 4+ 1], j € [Rada + 1], and r € {0,1} as
feasible by setting D[i,j,r] = 1. Before we can show in Lemma 5 that our DP indeed captures
this equivalence, let us first relate different states and thus also partial solutions to each other. We
observe that if we have a solution for ¢ € [|[V(H)|], j € [naad)o, and r € {0,1}, and for every half-
edge et of Gj the face w? also spans the i + 1th interval, then we also have a solution in the state
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Figure 16: Tllustration of some partial solution (7,5) with the half-edge et = v,- in G;‘ that we
place in the green face. The ith interval is [a, b], highlighted in blue, and w? is identified by the
green edge a’b’. In (@), the partial solution (i,7,r) is an admissible predecessor of (i + 1, 7,0),
whereas in (b) it is not, as we can no longer find an interval for the vertex Vj(e) that does not
introduce a crossing between e and a’b’. In particular, observe that the face w? does not span the
interval [b, c].

(i+1,4,0). Otherwise, we cannot find an interval for the vertex V;(e) for some half-edge e of Gj+;
see Figure 16b. More formally, let [a,b] be the ith interval and [b, ¢] the i + 1th interval. Assume
that we have the new edge e = v,v, in G with 1 < z < j < y < k, which is the half-edge v,-
in G;r. Let a’b’ be the edge (on page og(e)) that bounds the face identified by w? upwards with
a' <b=b. Wecall (i,j,7) an admissible predecessor of (i + 1,4,0) if b # V'; see Figure 16a.

If we decide to place the vertex v; in the ith interval, say [a,b], we have to be more careful. In
particular, we have to ensure the following criteria before we can conclude that (i, j,1) is feasible.

(EC 1) The interval [a,b] is part of the super interval Y(v;), i.e., we place the new vertex in its
assigned super interval.

(EC 2) For each new edge e = v;u with u € V(H) the face w’ exists on the page o¢(e) and both
the interval [a,b] (and thus v;) and u are incident to the face w?.

(EC 3) For each new edge e = v;v, incident to two new vertices the face w’ exists on the page o (e)
and the interval [a,b] (and thus v;) is incident to it.

Recall that we only consider assignments where no two new edges cross. Note that this includes
edges from EX, although they are not considered in this DP. We observe that the second criterion
ensures that edges incident to v; and an old vertex can be inserted without introducing a crossing.
The third criterion ensures for a new edge e incident to two new vertices that the half-edge et has
been completed to a full edge without introducing a crossing (if ¢ < j) or is placed in the face w?
that spans the ith interval (if j < ¢). Note that we only advance to the interval [a, ] if the face
containing the first vertex of the half-edge e™ still spans the interval; recall FP 3. Hence, if v; is
placed in the face w?, so is v, (for the case ¢ < j); see also the proof of Lemma 5.

Similar to before, we call (i,j — 1,7) an admissible predecessor of (i,7,1) if all of the above
criteria are met. Finally, note that if we decide to place the vertex v; in the ith interval, then the
state (i,7,0) is not feasible due to FP 2. Our considerations up to now are summarized by the
recurrence relation in Definition 1. In Lemma 5, we show that the recurrence relation identifies
exactly all feasible states.
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Definition 1 We have the following relation for all i € [2,|V(H)| 4+ 1] and j € [nadd]o-

D[1,0,0] =1 (2)
D[1,0,1] =0 (3)
1, if (i —1,4,r) is an admissible predecessor of (i, j,0)

DJi, j,0] = and D[i — 1,7,7] =1 for some r € {0,1} (4)

0, otherwise

1, if (4,5 —1,7) is an admissible predecessor of (i,7,1)
DJi,j,1] = and D[i,j —1,7] =1 for some r € {0,1} (5)

0, otherwise

Lemma 5 For alli € [|V(H)| + 1], j € [nadd|o, and r € {0,1} we have D[i, j,r] = 1 if and only
if the state (i,7,7) is feasible. Furthermore, evaluating one step from the recurrence relation of
Definition 1 takes O(maqq) time.

Proof: We first use induction over ¢ and j to show correctness of the recurrence relation, and later
argue the time required to evaluate it. In the following, we let [a, b] be the ith interval.

Base Case. If we have i =1 and j = 0, we are in the first interval and have not placed any new
vertex. Thus, G; = G;r = H holds and G; has clearly a solution, namely (<, og). Furthermore,
there are no half-edges in Gj+ and thus (1,0,7) is a feasible state if and only if » = 0. Note that
(1,0,1) contradicts FP 2 and thus cannot be a feasible state. Hence, Equations (2) and (3) are
correct and serve as our base case.

In our inductive hypothesis, we assume that the table D has been correctly filled up until some
value ¢ € [|[V(H)|+ 1] and j' € [nagd]o-

Inductive Step for ¢ (i =4 + 1 and j = j’). First, note that by moving one interval to the
right, having r» = 1 is not possible and hence we focus on Equation (4) in this step. We consider
the cases D[i, j,0] = 1 and D[, j,0] = 0 separately.

For DJi, j,0] = 1, there exists by the definition of Equation (4) an admissible predecessor (', j, )
for some r € {0,1} with D[i’,j,r] = 1. By our inductive hypothesis, this means that the state
(¢/,j,7) is feasible. In particular, it has a solution for G, that places all new vertices in the first ¢/
intervals. Clearly, the same solution positions them also in the first ¢ intervals. Furthermore, every
half-edge e of Gj+ is assigned to a face that spans the #/th interval. As (¢/,4,r) is an admissible

predecessor, we know that for every half-edge et of G;-', the face wg also spans the ith interval.
Hence, the state (4, j,0) is feasible, i.e., DJ[i, j,0] = 1 correctly holds.

For DJi, j,0] = 0, there are two cases to consider by the definition of Equation (4). Either (¢, 7,0)
does not have an admissible predecessor, or for all admissible predecessors (i’ j, ) of (i, 7,0) we have
DI, 4,r] = 0. Observe that only states of the form (i, j,r), for some r € {0, 1}, can be admissible
predecessors. In the former case, there exists by our definition of admissible predecessor some half-
edge et in G;’ that is assigned to the face wg which does not span the ith interval. Hence, (i, 7, 0)
is not feasible by FP 3. In the latter case, we know by our inductive hypothesis that D[i’, j,r] =0
implies that (¢, j,r) is not feasible, i.e., there does not exist a solution for the graph G; in which
we place the new vertices in the first ¢’ intervals. As we do not place the vertex v; in the ith
interval, no solution can exist for the state (i, 7,0) either and DJi, j,0] = 0 correctly holds. This
concludes the inductive step for .
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Inductive Step for j (¢ =i’ and j = j’ + 1). Analogous to before, we note that by placing v;
in the ¢th interval, r = 0 is not possible and hence we focus on Equation (5) in this step. We again
consider the cases D[i,j,1] =1 and Dl[i, j, 1] = 0 separately.

For DJi,j,1] = 1, there exists an admissible predecessor (i,;j’,r) for some r € {0,1} with
Dl[i,j',r] = 1 by the definition of Equation (5). By our inductive hypothesis, this means that
the state (i,j’,r) is feasible and has a solution (=g, ,,0q,_,) that places all new vertices of
Gj_1 in the first 7 intervals. We now construct a solution (%Gj,ogﬂ by setting og, according
to assignment (i), and extending the spine order <¢, , by placing v; in the ith interval. More
concretely, we take <g, ,, set a < v; < b and vj_; < v; (if j > 1), and take the transitive
closure to obtain a linear order on the vertices of G;. As (¢,5’,7) is an admissible predecessor, v;
is placed within Y (v;) in (<g,,0¢,) and (<q,,0q,) extends (<g,oq). So it remains to show that
(<a,,0q,) is crossing-free. As we discard all assignments (i)—(iv) that imply a crossing among two
new edges, a new edge e incident to v; could only cross an old edge e’. However, as (4,7’,7) is an
admissible predecessor, we have that the vertices incident to e lie in the same face w?. Every old
edge induces a face of (<p, o). Therefore, we deduce that a crossing between an old and a new
edge whose endpoints lie in the same face is impossible. Consequently, also e and €’ cannot cross
and (<g,,0q,) is a solution for the graph G;. Finally, it is clear that for every half-edge e of
G;‘, the face assigned to its associated edge e spans the ith interval. For half-edges that already

existed in Gj,, this holds as (4, j’,r) is feasible. For half-edges introduced in G;r, this holds by the
definition of admissible predecessor; see ECs 2 and 3. Thus, (¢,7,1) is feasible and D[i,j,1] = 1
correctly holds.

For DJi, j, 1] = 0, there are again two cases to consider by the definition of Equation (5). Either
(i,7,1) does not have an admissible predecessor, or for all admissible predecessors (i, j',7) of (i, ,0)
we have D[i, j’,r] = 0. Again, we observe that it suffices to consider only states of the form (i, j',7)
for some r € {0,1} as potential admissible predecessors. For the former case, clearly, if both such
states (¢, j’,r) are not admissible predecessors, then (7, j,1) cannot be feasible: Either, we violate
EC 1 by placing v; outside Y (v;), which contradicts assignment (iii), or an edge e incident to v;
crosses an old edge as one of its endpoints is not incident to w?; see ECs 2 and 3. Note that
we can assume that all relevant faces span the ith interval, as we have already shown that the
inductive step for ¢ is correct. In both cases, (i, j, 1) is clearly not feasible; see FP 1 for the former
and observe that a crossing contradicts the existence of an extension for the latter case. We now
consider the case where all admissible predecessor (i,j’,7) of (i,7,1) have D[i,j’,r] = 0. Using
proof by contradiction, we show that in this case (7,7, 1) cannot be feasible either. Assume that
(i,7,1) would be a feasible state. Then, there exists a solution (<g,,0q,) for the graph G;. Using
(<g,:0q,), we can create a solution (<g ,,0q,,) for G; by removing v; from <¢; and all its
incident edges from o¢,. Clearly, (<g, 0, ) respects the assignments (i)-(iv). Furthermore, for
every half-edge e™ in Gj, the assigned face spans the ith interval as (4,7, 1) is feasible; see FP 3.
Hence, if (i,7,1) is feasible and (¢, j’,r) is an admissible predecessor, then (¢, j’, ) is also feasible.
However, this contradicts the inductive hypothesis, as we have D[i,j — 1,7] = 0. Thus, the state
(,7,1) cannot be feasible and D]i, j, 1] = 0 correctly holds. This concludes the inductive step for j.

Evaluation Time of Recurrence Relation. We observe that, apart from checking whether
a state is an admissible predecessor of (i,7,7), the steps we perform in order to evaluate the
recurrence relation take constant time. In the following, we assume that we can access a look-up
table that stores the faces in (<p, o) that span a given interval in <y on a given page p € [¢]
ordered from inside out, i.e., starting with the innermost face and ending with the outer face. We
will account for this in our proof of Lemma 4. In Equation (4), we ensure for every half-edge e
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in Gj+ that the face wi~! does not end at the interval i — 1. As there are at most m,qq half-edges,
we can do this in O(m,qq) time. For Equation (5), we have to ensure that the ith interval [a, b]
is part of Y(v;), which takes constant time. Furthermore, we have to check for every new edge
e = v;u that the face w! exists on the page o(e) and that v; is incident to it. For a single edge,
this takes constant time, as we can look up the faces that span the ith interval and v; is always
incident to the bottom-most face. Furthermore, if u € V(H) holds, we also have to check if u is
incident to w?. If u < @ < b, we can access the faces that span the interval [u,succ(<py, u)] and
check if u is incident to the face w?. An analogous check can be made if we have a < b < u. This
takes constant time per edge e. Hence, we can evaluate Equation (5) in O(maq4) time. Combining
all, the stated running time follows. O

Putting Everything Together. With our DP at hand, we are now ready to prove Lemma 4.

Proof of Lemma 4: First, recall that we can check in O(n.qq? + |Z|) time whether assignments
(i)—(iv) are consistent and do not imply a crossing. Thus, we assume for the remainder of the
proof that they are. Furthermore, recall that there are |V(H)| + 1 intervals in (<pg,opn) and
observe that we have Gy, = G} = G’, where G' = (V(G), E(G) \ EX,); recall that we ignore
E . in the DP. Therefore, Gz does not contain any half-edge and the feasibility property FP 3
is trivially satisfied. Hence, as a consequence of Lemma 5, we deduce that there exists an /-page
stack layout (<7, 0q/) of G’ that extends (<, o) and respects the assignments (i)—(iv) if and only
if D[|V(H)| 4+ 1,n4a44,7] = 1 for r = 0 or r = 1. Furthermore, by applying standard backtracking
techniques, we can also determine the concrete spine positions for every new vertex, i.e., compute
such a stack layout.

What is now missing from a stack layout of G are the edges E . Recall that for every
edge uv € EH | we have u,v € V(H) and og(uv) fixed by assignment (i). Hence, (<u,on)
and assignment (i) fully specify their position in a solution (<¢g,oq). Consequently, we take
(<@, 0¢r) and extend it to a stack layout (<q/,0¢) of G. To see that it is crossing free, observe
that if otherwise, the crossing must involve a new edge uv € Efdd. However, we only consider
assignments where no two new edges cross and where no new edge uv € EL | crosses an old edge.
Hence, (<¢/,0¢) is crossing free and extends, by construction, the layout (<g,oq) of H.

We now bound the running time of the DP. For that, we first observe that the DP-table D
has O(naqq - |V (H)|) entries. We have seen in Lemma 5 that the time required to evaluate the
recurrence relation is in O(maqq). However, we assumed that we have access to a lookup-table
that stores for each interval and each page the faces that span it. To compute this lookup-table,
we construct, in a pre-processing step, for each page p € [¢] the dual graph of the plane drawing of
the graph G’ with V(G') = V(G) and E(G’) = {e € E(G) | o(e) = p}, where the edges are drawn
as (circular) arcs in the direction of the spine. Note that the dual graph is a tree T},, which we root
at the outer face and augment with one leaf per interval connected to the single face it is incident
to. To construct the (augmented) tree T}, we iterate, from left to right, over the spine order <y
and whenever we visit the second vertex v of an edge uv with u < v, we extend 7}, with a node
at the corresponding position representing the face associated with uv. For a single page, this can
be done in linear time and for all pages together, this takes O(¢-|Z|) time. Note that in total, the
augmented dual trees use O(¢-|Z|) space. Since this data structure only depends on (<p,om), we
can re-use it in different invocations of the DP-Algorithm. Consequently, we compute it only once
in the beginning and will neglect it for the running time of the DP (but consider it in the overall
running time of the algorithm). Hence, the running time of the DP is O(nagq - |[V(H)| - Mada)-
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Since O(na44?) € O(nagq - |Z|), together with the initial checks, this amounts to O(n.qqd - Maqd - |Z|)
time. 0

Finally, we observe that for assignment (i), i.e., og, there are O(¢™=44) different possibilities, for
assignment (ii), i.e., <@\ g, there are O(naqq!) possibilities, for assignment (iii), i.e., the assignment
of new vertices to super intervals, there are O(m,qq™*¢) possibilities, and for assignment (iv), i.e.,
the distance to the outer face, there are O(w™=44) different possibilities. This gives us overall
OO0 . nqql - Mpgq™a -w™add) different possibilities for assignments (i)—(iv). Applying Lemma 4
to each of these, we get the desired theorem, where we observe that the O(¢-|Z])-time pre-processing
step is dominated by the final running time:

Theorem 5 Let T = (¢,G, H,(<,0)) be an instance of SLE. We can find an £-page stack layout
of G that extends (<,c) or report that none exists in O(£™249 . n, 44! Maqqedd Tl w™add . g4 - |Z])
time, where naqq and maqq denote the number of new vertices and edges, respectively, and w is the
page width of the given layout (<, o).

8 Towards a Tighter Fixed-Parameter Algorithm for SLE

As a natural next step, we would like to generalize Theorem 5 by considering only x and ¢ as
parameters. However, the question of whether one can still achieve fixed-parameter tractability
for SLE when parameterizing by & + ¢ is still open. Nevertheless, as our final result, we show that
strengthening Theorem 5 is indeed possible at least in the restricted case where no two missing
vertices are adjacent, as we can then greedily assign the first “possible” interval to each vertex
that complies with assignment (i)—(iii).

Theorem 6 Let T = ({,G,H,(=<,0)) be an instance of SLE where G[Vaaa] is an independent
set. We can find an L-page stack layout of G that extends (<,c) or report that none exists in
O(fmaad . qq! - Mggqmedd T |I\2) time, where n,qq and maqq denote the number of new vertices
and edges, respectively.

Proof: Observe that G[V,qq] being an independent set removes the need for synchronizing the
position of adjacent new vertices to ensure that they are incident to the same face. We propose a
fixed-parameter algorithm that loosely follows the ideas introduced in Section 7 and adapts them
to the considered setting. The following claim will become useful.

Claim Given an instance T = (¢,G, H,(<,0)) of SLE where G[V,ad] is an independent set, (i)
a page assignment og for all edges, (i1) an order <g\g in which the new vertices will appear
along the spine, and (i) for every new vertex v € Vyqa an assignment to a super interval. In
O(maqq - |I|2) time, we can compute an £-page stack layout of G that extends (<,0) and respects
the given assignments (i)—(iii) or report that no such layout exists.

Towards showing the claim, we first note that we only miss assignment (iv) from Lemma 4. Hence,
by the same arguments as in the proof of Lemma 4, we can check in O(n,q4 + |Z|) time whether
assignments (i)—(iii) are consistent and do not imply a crossing. For the remainder of the proof, we
assume that they are, as we can otherwise immediately return that there does not exist an ¢-page
stack layout of G that respects the assignments.

We still need to assign concrete spine positions to new vertices. However, in contrast to Theo-
rem 5, there is no need to ensure that adjacent new vertices are in the same face, because no two
new vertices are adjacent by assumption. This allows us to use a greedy variant of the DP from
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Theorem 5. Note that in contrast to the approach behind Theorem 5, we now immediately add all
new edges in Eﬁid, i.e., consider them from now on as old, since their placement is fully defined
by assignment (i).

The Greedy Algorithm. We maintain a counter j initialized at j = 1 and consider the ith
interval [a, b]. If [a,b] € Y (v;), i.e., if [a, b] is part of the super interval for v;, we check the following
for every new edge e = vju € E,qq incident to v;. Assuming that v; would be placed in [a, b], we
check whether v; sees u on the page o(e). These checks can be done in O(magq - |Z|) time. If this
is the case, we place v; in the interval [a, b] and increase the counter by one, otherwise we continue
with the next interval [b,c¢]. We stop once we have j = k + 1 as we have assigned an interval to
all new vertices. To obtain the /-page stack layout of GG, we can store in addition for each vertex
the interval we have placed it in. If after processing the last interval there are still some new
vertices that have not been placed, we can return that there does not exist an ¢-page stack layout
of G that extends (<p,om) and respects the assignments (i)—(iii). The greedy algorithm runs in
O(Maaq - |Z|°) time.

Correctness of the Greedy Algorithm. In the following, we show that if there is an /-
page stack layout of G that extends (<p,op) and respects assignments (i)—(iii), then our greedy
algorithm finds also one. To this end, we assume that there is such a stack layout (<¥,08).
As we only assign intervals and thus spine positions to the new vertices, it suffices to show that
if (<%, 08) is a solution, so is (<, 0{), where < is the spine order we obtain with our greedy
algorithm. Observe that we must find some tuple (<, 0g) that extends (<p, o) and respects
the assignments (i)—(iii), as we only ensure that no new edge incident to a new vertex crosses old
edges. As this is clearly not the case in (<, o), there must be a feasible interval for each new
vertex. For the remainder of the proof, we assume that <¢, and < differ only in the position of
some new vertex v. This is without loss of generality, as we can apply the following arguments for
all new vertices iteratively from left to right according to <, until all of them are placed as in
the greedy solution. As we assign the intervals greedily, we assume that v <7, u implies v < u for
every old vertex u, i.e., v appears in < earlier than in <},. Clearly, (<, 0{;) extends (<p,0n) as
(=&, 0f) does. Therefore, we only need to show that (<, cf.) does not contain crossings.

Towards a contradiction, assume that (<, c7%) contains a crossing among the edges e = vu and
e’ = ab. We assume that e is a new edge incident to the new vertex v and observe that uw must
be an old vertex. Furthermore, we assume without loss of generality that b is also an old vertex.
As already argued in the beginning, we have checked, when placing v, that e does not cross an old
edge. Hence, we observe that ¢’ cannot be an old edge. As we also treated all new edges incident
to two old vertices as old edges, we conclude that ¢’ must be a new edge incident to a new vertex a
and an old vertex b. Furthermore, we assume a <7, b, a <% v, and v < u. This is without loss
of generality, as in any other case the arguments will be symmetric; in particular, observe that
the other cases correspond to different assignments (ii) and (iii). As (<%, o) is crossing free, we
have a <7, b <& v <& v or a <G v <G u <& b. Furthermore, as our greedy algorithm positions
v in < further to the left compared to <{, and e and €’ now cross, we must have a < v <b < u
or v < a < u < b, respectively. Observe that the relative order between the vertices a and b,
and between u and v must be identical in <, and <, as we would otherwise immediately get
a contradiction with assignment (iii); observe that v and b define boundaries of super intervals.
However, also neither of the above two orders is possible, as we show next.

For the former case, i.e., when we turn a < b <& v <§ v into a < v < b < u, we observe
that b is an old vertex incident to a new edge, i.e., it defines a super interval, see also Figure 17a.
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Figure 17: Illustration of the correctness arguments in the proof of Theorem 6. In (@), we change
the assignment of v to super intervals, highlighted with the colors, and in (b), we change the
relative order among the new vertices a and v. Both scenarios lead to a contradiction.

Hence, having b < v and v < b implies that the super interval for v differs between (<}, of) and
(=,0¢&), which violates assignment (iii) and thus contradicts our assumption on the existence of
(=&, 08) and (=g, 08).

In the latter case, when we turn a <% v <% u < b into v < a < u < b, we move v left of the
new vertex a. Hence, we change the relative order among the new vertices, see Figure 17b. This
is a contradiction to assignment (ii) and thus our assumption on the existence of (<§, o) and
<’<G ) 0?;) :

As we obtain in all cases a contradiction, we conclude that e and e’ cannot cross. Applying the
above arguments inductively, we derive that our algorithm must find a solution if there exists one,
i.e., is correct.

Putting Everything Together. We can now branch over all possible assignments (i)—(iii).
Using the same reasoning as for Theorem 5, we conclude that there are overall O(£™add . 44! -
Mada") different possibilities for assignments (i)—(iii). Applying our greedy algorithm to each of
them, we obtain the statement from the theorem. O

9 Concluding Remarks

Our results provide the first investigation of the drawing-extension problem for stack layouts
through the lens of parameterized algorithmics. We show that the complexity-theoretic behav-
ior of the problem is surprisingly rich and differs from that of previously studied drawing-extension
problems. Omne prominent question left for future work is whether one can still achieve fixed-
parameter tractability for SLE when parameterizing by s + ¢, thus generalizing Theorem 5 and
Theorem 6. Note that parameterizing by w+ ¢ cannot lead to a fixed-parameter algorithm for SLE
as recognizing graphs with stack number two is NP-complete.

A further natural and promising direction for future work is to consider generalizing the pre-
sented techniques to other types of linear layouts. Studying the problem of finding or extending
a stack layout for two or more graphs on the same vertex set simultaneously could also lead to
fruitful insights. Finally, future work could also investigate the following generalized notion of
extending linear layouts: Given a graph G, the spine order for some subset of its vertices and the
page assignment for some subset of its edges, does there exist a linear layout of G that extends
both simultaneously?
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A Removing Multi-Edges

In the following, we will describe how one can adapt the NP- and W([1]-hardness reductions to not
rely on multi-edges. While the basic idea is always the same, namely to introduce several auxiliary
vertices in order to distribute the multiple edges among them, the concrete implementation of this
idea depends on the (part of) the reduction we are currently discussing.

A.1 Fixation Gadget (Section 4.2)

The fixation gadget gave us a lot of power in the hardness reduction but relied on multi-edges.
As our graphs H and G are assumed to be simple, it is now time to remove these multi-edges by
distributing them over several (additional) auxiliary vertices.

In order to do that, we no longer introduce the 2(F + 1)-many vertices by,...,bpy1 and
ai,...,ary1, but introduce for each page p # pa 2(F + 1) vertices by, ..., 0%, , and af,... a} .
Without loss of generality, we can assume that the page pq is the fth page. We update the spine
order <y by setting b < v; < a? for i € [F + 1] and p € [¢ — 2]. Furthermore, we fix the order
among the newly introduced vertices by enforcing 6" < o and a? < a?™" for every i € [F + 1]
and p € [( — 2], and a} ™t < bf;ll for every i € [F]. The linear order < is then obtained by taking
the transitive closure of the above (partial) orders. Observe that the above spine order places for
each page p one vertex before (b?) and after (a?) the vertex v;.

Next, we adapt the edges that we created in Section 4.2 and their page assignment og. To that
extend, recall that we introduced for every i € [F'+ 1] and every page p # pq the edge e(b;, a;,p) =
b;a; with o(e(b;,a;,p)) = p. Now, this edge should be incident to vertices created “for the page p”,
i.e., we create instead the edge bYa?” and set o(ba?’) = p. Although the remaining edges created in
Section 4.2 are already simple, we have to adapt (some of) them, as their incident vertices no longer
exist, i.e., have been replaced. In particular, for every i € [F + 1], we now no longer introduce the
edges b;v; and v;a; but the edges bfflvi and v;a’™! and set a(bfflvi) = J(viaffl) = py. Finally,
we create instead of the edge bjap41 the edge bg_laf;_&l and set U(bf_laﬁall) = pg. Figure 18 is
an adapted version of Figure 5 and shows the updated construction. We end this section with
showing Lemma 6, which is an adapted version of Lemma 2.

Lemma 6 Let T = (¢,G,H,(<,0)) be an instance of SLE that contains the adapted fization
gadget (without multi-edges) on F wvertices {f1,..., fr}. In any solution (<g,oq) to T and for
every i € [F], we have v; < f; < vip1 and o(fv;) = o(fiviy1) = pa- Furthermore, the adapted
fization gadget contributes 2F¢ + 2¢ — 1 vertices and (£ + 4)F + £ + 2 edges to the size of T.

Proof: Let (<g,0q) be a solution to Z. Regarding the two properties of any possible solution
to Z, i.e., that v; < f; < v;41 and o(f;v;) = o(fiviy1) = pa holds for every i € [F], it suffices to
make the following observations in the proof of Lemma 2.

We first consider the argument we made to show v; < f; < v;31. There, we first assumed
that f; < v; would hold for an i € [F]. Using the observation on the presence of the edges
e(bi+1,a;41,p) for every page p # pg and the spine order b;y1 <y vir1 <g ai+1, we concluded
that f; can see v; 11 only on the page py. This ultimately led to a contradiction to the assumption
on the existence of a solution with f; < v;. Now, for the modified fixation gadget we can make a
similar observation. Consider any page p # pq. The graph H contains the edge b _Haf 41 and we
have f; < bf_H <H Vit1 <H af_H. Hence, f; can still see v; 1 only on the page pg, i.e., we still
must have o(fjv;r1) = pg. And by the very same arguments as in the proof of Lemma 2 this leads
to a contradiction.
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Figure 18: An example for an adapted fixation gadget for F' = 2 with five other pages, i.e., {—1 = 5.
Adapted version of Figure 5 that shows how we can remove multi-edges by distributing them over
additional vertices.

Let us now re-visit the argument to show o(f;v;) = o(fivi41) = pa. There, we assumed the
existence of a solution (<, o) with o(f;v;) # pg for some i € [F], i.e., we assumed that o(f;v;) =p
holds for some page p # pg. Under this assumption, we (again) make the observation that we have
the edge ba? with oy (bal’) = p, which allows us to strengthen above result to v; < f; < al. As

’

in the proof of Lemma 2, we deduce from UH(viaffl) = pg and UH(beaf;J) = p’ for any page
p’ # pq that there does not exist a feasible page assignment for the edge f;v; 11, which leads to a
contradiction as in the proof of Lemma 2.

Regarding the size of the adapted fixation gadget, we first observe that we have not introduced
any additional edge, but rather re-distributed existing edges to additional vertices. For the number
of vertices in the adapted fixation gadget, we recall that F consists of F' vertices and we have F + 1
vertices of the form v;. As we introduce 2(F + 1) vertices per page p # pg, this amounts to
2(F 4+ 1)(¢ — 1) additional vertices. Combining all, we conclude that we have 2F¢ 4 2¢ — 1 vertices
in the adapted fixation gadget. O

A.2 NP-Hardness Reduction (Section 4)

Our reduction from Section 4 that we used to show that SLE with two new vertices is NP-complete,
see Theorem 2, creates a graph H with several multi-edges. More concretely, we created multi-
edges both in the base layout from Section 4.1, for example to block visibility to a vertex, and in
the fixation gadget. For the latter part of the reduction, i.e., the fixation gadget, we have discussed
in Section A.1 how to remove the multi-edges. This section is devoted to removing the multi-edges
in the former part, i.e., the base layout. At the end of this section, we argue that our reduction
remains correct.

Removal of the Multi-Edges. Let ¢ = (X,C) be an instance of 3-SAT with N = |X| variables
and M = |C| clauses. Recall that we introduced N + M + 1 dummy vertices d, in Section 4.1
and distributed them in <y on the spine, i.e., we set d; < x; < d;11 and dyy; < ¢j < dN4j+1
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Figure 19: Spine order <y of the adapted base layout of Section 4.1.

for every i € [N] and j € [M]. We now create 2N (N + M + 1) dummy vertices d} instead with
g € [N+ M+1]and p € 2N], i.e., N + M + 1 dummy vertices for every page p € [{] \ {pa}
associated to a variable. These new dummy vertices are ordered on the spine as follows. We set
dj < ;< dj, and dyy,; < ¢; = dy ;. for every i € [N], j € [M], and p € [2N]. Furthermore,
we set dbi < dP~i < dg't" for every g € [N+ M +1] and i € [N —1]. We obtain the linear order <z
by taking the transitive closure of the above relative orders; see also Figure 19.

Next, we redistribute the multi-edges over the new dummy vertices. Recall that we created for
every pair of variables z;,z; € X with i # j the edges e(z;,p;) = didit1 and e(z;,p-;) = didit1.
Now, we create the edges e(x;,p;) = dfjdﬁl and e(z;,p-;) = d; 7 d;} instead. We leave the
page assignment oy as it is, i.e., we have o(e(x;,p;)) = p; and o(e(x;,p-;)) = p-;. Furthermore,
we created for every combination of a clause ¢; € C and a variable x; € X edges depending
on the occurrence of z; in c¢;. We now also re-distribute these edges as follows. If x; does not
appear in c;j, we create the edges e(cj, pi) = diy, ;d,;1, and e(cj, p-~i) = dyi,;dyi ;- We set
o(e(c;,pi)) = p; and o(e(cj, p—i)) = p-s. If z; appears in ¢; without negation, we create the edge
e(cj,pi) = dllj\;+jd11)\;+j+1 and set o(e(c;,pi)) = p;. Symmetrically, if z; appears negated in ¢;, we
create the edge e(c;, p-i) = diri,;dyt ;41 and set o(e(cj, p-i)) = pi.

Finally, we set a3 "' < dJ* to ensure that the (in Section A.1 adapted) fixation gadget is
placed at the very beginning of the spine. Furthermore, we add the edge d}'d}}Y,,,, and set

U(dfldf\ffM +1) = pa to ensure that our adapted construction still has Property 1.

Correctness of the Reduction. First, observe that we added a polynomial number of addi-
tional vertices to H and no new edges. Hence, the size of H (and G) increased by a factor poly-
nomial in the size of ¢ and the size of Z remains polynomial in the size of ¢. Furthermore, due to
Lemma 6, it still holds that in any solution (<g,0q) to Z wehave s < v < di' < ;3 < ¢j < d\ Yy
for every i € [N] and j € [M]. Similarly, the relative order among the dummy vertices on the
spine in the adapted reduction did not change compared to the reduction from Section 4, i.e.,
previously we had d; < z; < d;+1 and dy4; < ¢; < dyyj+1 and now we have df < z; < de and
diy ;= ¢j = dy ;. for every i € [N] and j € [M] (and p € [2N]). Furthermore, the edges span
over the same vertices. Hence, we conclude that the proof of Theorem 2 readily carries over, i.e.,
Theorem 2 also holds for our modified construction that does not have multi-edges.

A.3 Wo]1]-Hardness Reduction (Section 6)

Finally, we discuss the removal of multi-edges in the W([1]-hardness reduction from Section 6.
Although we can already remove some multi-edges when incorporating the adapted fixation gadget
from Section A.1, some multi-edges are also introduced in Section 6.2. In particular, consider the

case where we have two edges u;ujﬂ,uiug € E(G¢). Then, for a v € [k] \ {«, 8}, we would

create twice the edge u}yu:”H but assign them to different pages. In this section, we remove these

multi-edges by using the additional (dummy) vertices that we obtain from the adapted fixation
gadget, However, note that this will not effect our intended equivalence from Equation (1) between
a solution (<G, 0g) to SLE and a solution C to McC.
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In the following, we extend in Section A.3.1 the base layout of our reduction to accommodate the
additional vertices for the adapted fixation gadget. In Section A.3.2, we describe how to distribute
the multi-edges from Section 6.2 across the new vertices. Finally, we argue in Section A.3.3 that
our reduction is still correct.

A.3.1 Adapting the Base Layout of Our Reduction

We now extend the base layout from Section 6.1 by additional vertices that in the end will be
identified with their respective “partner” in the (adapted) fixation gadget. For each edge e € E(G¢)
and color a € [k + 1], we create the vertices b¢ and af. To order these additional vertices on the
spine, we assume that the edges E(G¢) are ordered, i.e., that we have E(G¢) = {e1,...,en}. We
use this ordering to extend the spine order <z as follows where we assume u(°"" = uf) for ease

of notation. For all a € [k + 1] and i € [M], we set u."3 = <b% < ul < a% < ul. Furthermore,

for j € [M — 1], we also set b " < b < af < ag*. Observe that, as for the adapted fixation
gadget, we place for each edge e € E(G¢) and each a € [k + 1] one vertex before (b%) and one
after (a2) the vertex u2. The vertices before ul are ordered decreasingly by the index of their
respective edge and the vertices after u® are ordered increasingly by the index of their respective
edge. To obtain the adapted linear order <y we take the transitive closure of the above relation
and the relations from Section 6.1.

Finally, we (re-)introduce the (adapted) fixation gadget on F' = k vertices F = X by identifying
the following vertices for o € [k + 1]. Note that we use ¢ = « to distinguish between the vertices
of the fixation gadget and hardness reduction. As in Section 6.3, we identify v; = u’. For the
other vertices, we identify b7 = bf”, and af = ac’, i.e., the vertices for the pth edge ep € E(Ge)
are identified with the vertices for page p in the fixation gadget. The edges of the fixation gadget
are adapted accordingly.

A.3.2 Redistributing the Multi-Edges

While incorporating the adapted fixation gadget removes some of the multi-edges, we still have to
deal with the multi-edges introduced in Section 6.2, where we encoded the adjacencies from G¢
into (<g,om). We do this now by redistributing the edges over the new vertices introduced in
Section A.3.1 Figure 20 visualizes this process.

Let e = vt vé € E(G¢) be an edge of Go and assume o < (. Recall that we created in
Section 6.2 a set of edges in H dedicated to e and assigned them with oy to the page p.. In

particular, we created for every v € [k] \ {«, 8} the edge ul "ﬁ_ . This edge is replaced by the

path on the edges 'a , asbs iy, and u$+ b541, as in Flgure 20a. Furtherrnore we created the
edges ulu! and uiflu ’L“+1. Instead, we now create a path on the edges aful, and alu’, and

ultbe , and u"““b" 11 as shown in Figure 20b. Similarly, we also create a path on the edges

aeﬂu}g, aﬂué, uﬁ bﬂ+17 and b%+1un’*+1. All of these edges are assigned to the page p.. Observe

that for i € {1,n} or j € {1,n3}, above edges would become self-loops and multi-edges (on the
same page), which can easily be avoided Recall that we created in Section 6.2 a tunnel on the
page p. by adding the edges u;uéJr and u’“ujﬂ, see also Figure 20c. We do not need to adapt
these edges, as they can only result in multi-edges if G¢ would contain them. One can readily
verify that we no longer introduce multi-edges while still ensuring that the page p. is crossing free.

Finally, recall that with the original version of the fixation gadget, we had for « € [k + 1] the
edges pred(u?)u and ulsucc(u?) that were assigned to the page pg. In particular, these edges

corresponded for a € [k] to the edges udul, and u2>*ul . However, these edges are no longer
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Figure 20: The edges of H on page p. that model the adjacency of the edge e = vgvg € E(Go)
in our adapted reduction of Section 6.2. We show the respective edges of H (a) for a color
v € [K]\ {e, B}, (b) for the color e, and (c) that create a tunnel that connects v}, with v}. Note
that the gray edges in (c) are those from (a) and (b). This figure is an adapted version of Figure 8.

present in the adapted reduction, since no vertex of the (adapted) fixation gadget is identified with
the vertices ul or u?eT!. As these edges facilitated the arguments for showing correctness of our

approach, we re-introduce them in (<, o) as follows. For every a € [k], we add the edges udul,

and uZe T | and set o(udul) = o(uletul ;) = ps. As the above edges span the respective

edges ugang and bi“ﬁuoa 11, they do not introduce crossings on the page pg.

A.3.3 Showing Correctness of the Modified Reduction

This completes the adaptations we need to make to our reduction to remove all multi-edges and
it remains to show that Theorem 4 still holds. Regarding the size of the created instance, it is
sufficient to observe that we introduce 2(k + 1)M additional vertices (for the adapted fixation
gadget, see also Lemma 6, and for each edge of G¢ we introduce a constant number of additional
edges to the already existing ones. Thus, the size of the instance Z remains polynomial in the size
of G¢ and we still have kK = 3k + (g) So it remains to show the correctness of the reduction.

For that, we can, on the one hand, observe that the transformation of a solution to an instance
of McC to a solution to the created instance of SLE as described in the proof of Theorem 4 is
unaffected. One way to see this is that all the additional edges that we introduced run between
vertices placed between v, and u}, or uZ*! and ul_ , for the corresponding a € [k + 1]. Further-
more, if we changed existing edges, then we moved their incident vertices from u} or ul«*! to a
vertex in the above range. However, we created the spine order < such that u! < x, < ulet!
holds. Hence, the relative order < among two new vertices z, and zg with «, 8 € [k], or a new
vertex z, and an old vertex u}; with «, 8 € [k], a # 8, and i € {0,1,ng + 1} remains unchanged.
Therefore, we conclude that the “(=)-direction” still holds.

On the other hand, for the “(<)-direction”, we used the fact that the created instance Z of
SLE fulfills Properties 2 and 3 to construct the solution C. Hence, if we can convince ourselves
that Z still fulfills said properties, then the arguments we gave in Theorem 4 will readily carry
over. Recall that Property 2 is defined as follows.

Property 2 In a solution (<,0) to SLE we have ud < x4 < ud,, for every o € [k].

To see that we still have this property, we can observe that we incorporated in Section A.3.1 the
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adapted fixation gadget on k vertices into our construction. As we identify, for o € [k], v; = ul
and f; =z, for i = a, Property 2 follows directly from Lemma 6.

Recall that we introduced at the end of Section A.3.2 for every a € [k] the edges ulul, and
ulatiyl 11 on the dummy page pg. We now use these edges to make the following observation.
From Lemma 6, we get that we have in any solution (<, o) and for every o € [k] that o(z,ul) =
o(zqud, 1) = pa holds. From Property 2, that still holds in our construction, we get u9 < z, <
ud ., for every o € [k]. Using the above-mentioned edges on page pgq, we observe that we cannot
have ud, < zq < ul or ule™ <z, < ul,,, as this would introduce a crossing on the page pq.
Thus, our construction not only fulfills Property 2, but, furthermore, Property 4 still applies. We

will now argue that our construction also fulfills Property 3, which is defines as follows.

Property 3 Let (<,0) be a solution to an instance of SLE that fulfills Property 2 and for which
we have e = vgvé € E(Ge), 1<a< B <k, and zo,25 € X. If 0(z075) = pe then x4 is in Y (V%)

and xg is in Y(vé).

To see that Property 3 still holds, we first apPIy Property 4. This allows us to conclude that we
have ug, < xo < ulet and up < x5 < uZ’ﬁ_ . Then, by exchanging ul, with a¢ and v, with
bG+1 in the proof of Lemma 3, we can exclude ul < zo 2wl and uit <z, <ud . Therefore,
we derive that z, must be placed in Y (v},) and analogously must xg be placed in Y(v%), i.e., our
construction still fulfills Property 3.

We use this now to argue that the “(<)-direction” of our reduction is still correct.

Correctness of the “(<=)-Direction” in the Reduction. We perform the arguments as in
the “(«<=)-direction” of the proof of Theorem 4. Most of the arguments are implied by Properties 2
and 3, which are also fulfilled in our adapted reduction. However, in the proof of Theorem 4, we
needed to argue that the pre-requisites for Property 3 are fulfilled. In the following, we perform
the same argument for our adapted construction. Let us again assume that xz, and xg are placed
in v(v) and Y(vé), respectively. We again consider the edge z,23 € E(G) and the page p it is
placed in the solution (<, 0¢g). By the very same arguments as in the proof of Theorem 4, we can
exclude p = pq. Furthermore, we have op(a&bé ;) = pe and a& < ul, < T < upe™ < b5, < 25
for an edge e = uwv € E(G¢) with u ¢ V,, and v # V,. Analogous arguments also hold for g
and thus we get that p = p. for an edge e € E(G¢) N (V, x V) must hold. This shows that all
prerequisites for Property 3 are fulfilled. Hence, we obtain that the edge x,23 is placed in the page
pe that we created for the edge vév% and, therefore, are the vertices v? and vg adjacent in Gg.
Consequently, the proof of the “(«<)-direction” in Theorem 4 carries readily over.

Combining all, we conclude that Theorem 4 also holds for our modified construction that does
not have multi-edges.
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